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Investigated in this study are finite-element modeling alternatives as 
well as the utility and limitation; of the 2-D structural response computer 
code CM-JET 48 for predicting the transient large-deflection elastic-plastic 
structural responses of 2-0 beam and/or ring structures which are subjected to 
rigid-fragment Lmp..ct. These matters were assessed in a sequence of computer 
runs and by comparing predictions with experimental transient-response and 
permanent deformation data obtained for 6061-T65l aluminum beams with both 
endl. clamped and subjected to perpendicular impact at aidspan by a solid 
steel sphere. Investigated next was the applicability of the CIVM-JET 4B 
analysis and code for the prediction of steel-containment-ring response to 
impact by complex deforstable fragments from a tn-hub burst of a T58 turbine 
rotor, corresponding experimental meaaurements were provided for comparison 
by the Naval Air Propulsion Test Center (NAPTC). 
In another aspect of this study, dimensional analysis considerations 
were used in a parametric examination of (a) data from engine rotor burst 
•	 containment experiments conducted by the NAPTC and (b) data from sphere-beam 
impact experiments carried out by the MIT-ASRL. The use of the CXVM-JET 48 
computer code for making parametric structural response studies on both 
fragment-containment structure and fragment-deflector structure has been 
illustrated. A judicious combination of a few selected experiments plus the 
use of a computer code such as CIVM-JET 4B for parametric and tradeoff studies 
are believed to represent an effective procedure for the design of 2-D 
fragment-containment and/or fragment-deflector structure. 
Since the CIVM-.JET 48 computer code as actually implemented accommodates 
large-deflection, elastic-plastic, transient structural responses but only 
small strain, some modifications to the analysis/computation procedure have 
been developed to alleviate this restriction. Some preliminary exploratory 
results thereby obtained are presented. 
xv
SECTION 1 
INTRODUCTION 
Engine rotor burst fragmets may impact 
against the engine casing •	
and/or against special Protective structures. These 
structures may be 
intended either to contain or to divert the fragment and to allow it 
escape along a "harmless- path;
	
to 
either fragment
	
the resp
ective behavior is termed as being 
contaj	
or fragment deflection. Of ]principalinterest
in this report is the theoretical P
rediction of the  
container	 transient responses of or deflector structures (C/D	
transient
 which are subjected to fragment impact.. F
urther, attention shall be restricted to 
metallic protective structures; 
consideration of muitilayer multimator,jal 
Protectivestructures is beyond the intended
 
If the dimension of the Prot
	
scope of this report. 
ective Structure in the direction of the axis of rotation of the turbojet engine is 
comparable to the corresponding dimension of the attacking-fragment, the 
deflections of the impacted structure will 
be essentially the same at all locations along that axial 
•	 direction; in this case, the deformation is termed two-dimensio
	 (2-D;. However, if that Protective-structure 
dimension is large in 
the above comparative Sense, the Structure will undergo generalthree-dimensional.
 
of 
(3-1)) structural deflections In general , theoretical p
redictions of each 
these two types of transient structural deflection should employ a theoretical model which can 
acc te each of these types of behavior. However, for preliminary design and parametric studies of 
prospective CID structures, it is often useful to idealize the 
structural behavior as being, in fact, two-dimjor
	
An idealized model of this kind is 
indicated schematically in Fig. 1 where the actual Structure which supports
 the C/D structure is represent by a 
afoundatiOfln of normal and tangential Springs; also, various end-support Conditions can be accoaI1ted in this type of id
ealized 2-D model. This type of model tends to 
include the main structural resp
onse features while minimizing the computational burden. 
Accordingly, a series of 2-1) structural response codes for partial 
Complete rings of arbitrary and/or
 initial shape, with uniform ornonuniferm 
1
. 
.
thickness, and subjected to initial-velocity distributions, prescribed 
externally-applied loads, or fragment impact has been developed. The 
capabilities and features of these computer codes (1_51* have been-summa-
rized in Ref. 6. Discussed later in this report. is the application of two 
of these codes for the analysis of some Avasple fragment-structure impact 
problems. 
Per structural response conditions wherein the use of a 2-D idealiza-
tion is an excessive, over-simplification and where one seeks to predict 
the response in greater detail, the structure needs to be modeled as a 
shell (with stiffeners, if present) t7-91 to permit accounting properly 
for the 3-D shell structural deflections which are present. On the other 
hand, an excessively fine modeling such as the use of 3-D solid elements 
to represent a single-layer shell, stiffeners, etc. leads to an excessive 
computational burden for many purposes. Hence, "shell-behavior modeling" 
serves as a logical next improvement over 2-D modeling of c/D structures. 
Accordingly, theoretical prediction methods to compute the responses of 
plates and shells to initial velocity distributions and prescribed exter-
nall y-applied transient loads (7] are being adapted to predict 3-D struc-
tural response to fragment impact (10). Such 3-D shell response predic-
tions are discussed no further in this report. 
Confining attention to 2-D structural response predictions, the 
availability of reliable transient response prediction methods for 
fragment-impacted 2-D C/D structures may be of use (as noted earlier) for 
preliminary design estimates and parametric calculations. Also, the use 
of such prediction methods may enable one to reduce the scope of actual 
impact/response experiments on candidate C/D structures; of course, it is 
essential to conduct certain types of experiments to establish concrete 
qualitative and quantitative behavior. This experimental information also 
can be used to test the accuracy and adequacy of proposed prediction 
methods, for certain ranges of parameters and conditions. Properly 
conducted experiments of this type are very expensive; hence, the judicious 
complementary use of theoreti.al transient response prediction methods is 
of evident value. 
*
Numbers in square brackets ( I denote references given in the reference 
list.
2.	 -
•	
	
In order to evaluate the accuracy and adequacy of the cited transient 
structural response prediction methods, various experiments have been 
carried out to provide appropriate experimental data. Complex experiments 
involving impact of typical engine rotor fragments against containment 
rings have been conducted at the Naval Air Propulsion Test Center. Simpler 
impact experiments with an impacting fragment of simpler and fixed shape have 
been carried out at the MIT Aeroelastic and Structures Research Laboratory. 
The Naval Air Propulsion Test Center has provided data on the 
responses of aluminum and steel containment rings to (1) impact by a 
single T58 turbine rotor blade and (2) tn-hub burst fragment attack from 
a T58 turbine rotor ((11-141 for ir ple). In these cases the attacking 
fragment is complex and undergoes a considerable amount of deformation and 
geometry change during its impact interaction with the containment ring. 
Yz.r case (1), theoretical transient response predictions which take into 
account the changing geometry, mass moment of inertia, etc. of a single 
attacking-rotor-blade fragment have been carried out successfully (15]; 
even this simple case required a substantial book-keeping effort. If a 
similr procedure were applied to the T58 tn-hub rotor burst attack case 
(where each fragment consists of a segment of rigid rotor disk and 17 
deformable blades), it is clear that an--impractically-huge amount of book-
keeping and computation would be encountered. Accordingly, each actual 
bladed-disk fragment has been replaced in the computational model by an 
idealized model which may be visualized as a hockey puck" of selected 
fixed diameter; frictional or frictionless impact between this idealized 
fragment and the containment ring is accommodated. The choice of an 
appropriate size for each idealized fragment involves some study and 
judgment, and is discussed later in this report. 
To remove that judgmental question and to provide cleaner, better-
defined, and more detailed transient structural response measurements for 
evaluating the proposed impact-induced-response prediction method, simpler 
impact experiments on a small er scale were performed at the MIT-ASRL (16]. 
The fragment selected was a solid steel sphere of one-inch diameter; 
modeling of this fragment is simple and efficient since to determine its 
space occupancy at a given instant in time, it suffices to know its CG 
.	
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location 
and (assumed to be Unchanging) diameter. Also, to provide a simply 
conducted clearly defined missile-structureimpact P
roblem whose subsequent analysis would involve a minimum of-computtjo5 (1) the-impacted-structure
 was chosen to be a simple initially
-straight thin aluminum beam with both ends ideally clamped and (2) perpendicular steel-sphere impact at midapan 
was selected. Well-defined transient strains, permanent strains, and Permanent 
de
flection data were obtained. These data were envisioned to provide a defini-
tive basis for evaluating 
the accuracy ard adequacy of the basic 2-D transient 
structural response prediction scheme (3-15,17,18). With 
verification thereby 
established one could proceed with 
reasonable confidence to tackle the ques-
tion of selecting an appropriate idealized 
model for typical complex fragments such as bladed-disk fragments. 
Ac
cordingly, discussed in Section 2 are calculations and comparisons with 
experiment for the sphere-beam impact problem. Section 3 is then devoted to 
analysis, modeling, and theoretical-experimental 
comparisons for the T58 tn-
hub rotor fragment attack against a steel containment ring. 
Discussed in Section 4 are parametric effects on structural response 
induced by fragment impact. Dimensional analysis considerations are discussed 
with respect to data from engine rotor burst 
containment experiments and to 
data from the simpler sphere-beam impact experiments. Illustrated in Sec-
tion 4 is the application of the CIVM-Jp 48 
computer-code-to parametric type studies -- using for illustrative convenience the sphere-beam impact problem. 
Discussed are (a) the effects of the width-to-thickness ratio for equal weight" 
containment St
ructures, (b) the effects of idealized fragment size, and (c) 
geometric scaling effects. Illustrative applications of this code to a study 
of the responses of simple fragment deflect,rs are described in Section 5. 
Since the CIVM-JET 48 code as actually implemented 
accommodates large-
deflection elastic-plastic transient 2-D structures 
responses but only small 
strain, the results of a brief exploratory study to modify the code to include 
finite strain behavior are described in Section 6. Given in Section 7 are a 
summary, conclusions, and comments pertinent to this study. 
Appendix A contains a concise review of the governing equations
which the CIVM-JET 4B 
computer program is based. Information on analysis
 modifications employed to a
ccommodate finite strain behavior for 2-D struc-
tural response behavior is given in Appendix B. 
-I 
.	
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SECTION 2 
STRLJCrURAL RESPONSES OF ALUM1N BEAMS-WrM-CLAMpED

ENDS TO STEEL SPHERE IMPACT 
- 2.1 Problem Defini tion-
In order to obtain appropriate and detailed two-dimensional (2-D) 
transient structural response data under well-defined impact conditions 
so that a definitive evaluation could be made of the adequacy of the 
approximate C011isjon-interaction analysis employed in 
the CIvt scheme, 
some simple experiments have been conducted at the MIT-A5 pj, and are re-
-ported in Ref. 16. Beams of 6061-T65]. aluminun with nominal 8-in span, 
1.5-in width, and 0.10-jn thickness and with both ends ideally clamped 
have each been subjected to midspan perpendicular impact by a solid steel 
sphere of one-inch diameter as indicated schematically in Fig. 2. Impact 
velocities ranged from those sufficient to produce small permanent deflec-
tion to those needed for threshold rupture of the beam. SPanwise-oriented 
strain gages were applied to both the upper and the lower (impacted) sur-
face of the beam at various midwidth and spanwise locations. In each test, 
transient strain measurements were attempted for 8 of the gages; after 
each test, permanent strain readings were 
obtained-from-all surviving gages. 
Also, permanent deflection measurements of the beams were made. 
To provide ideally-clamped boundary conditions at the ends of the 
beams, these specimens were machined from a solid block of 6061-T651 alum].-
nun (1..55 x 3.60 x 13.0-in) as indicated schematically in Fig. 3. The indi-
cated "integral support collar" was in turn bolted securely to a heavy flat-
ground steel channel support structure with close-clearance 1/2"-13 Rob-
Krome shoulder screws; this design and arrangement is believed to have pro-
vided a very close simulation of "ideally-clamped" ends. To reduce the 
hazard of undesired or "premature cracking" at the boundary because of 
stress concentrations at a sharp re-entrant corner, all "inside corners" 
were machined to a radius of 1/8-in which is somewhat greater than the 
nominal beam thickness.
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.Target beams of 6061-T651 aluminum were employed because this materi-
al has well-known mechanical behavior, exhibits very. little-strain--harden-
ing, and is relatively - insensitive to Strain-rate effects. A 1-inch diameter 
steel sphere was chosen as the im,acting fragment since its geometry is well 
defined (and preserved) throughout the impact attack, is devoid of sharp 
edges which might cause atypical local shearing penetration of a target, and 
was of convenient size, shape, and mass for use with the available experi-
mental launching apparatus so as to achieve the desired levels of fragment 
kinetic energy at initial impact. The target beam dimensions: thickness 
h - 0.100-in, width w 1.50-in, and span L 8.00-in were chosen for vari-
ous reasons, as follows. A small width w was desired so that the ensuing 
beam response would be of essentially 2-Dchazacter; however, the aim i ng ac-
curacy of the available launching apparatus was limited and, hence, a 1.5-in 
width was selected to permit achieving impacts reasonably well centered at 
the beam's midwidth-midspan location. A length-to-thickness ratio of about 
80 was chosen so that the beam model would possess a significant degree of 
.	 bending as well as extensional rigidity. Further, the span was kept large 
compared with the diameter of the attacking fragment so that olocal impact 
effects would be confined in a region remote from the Supported ends of 
the beam. Finally, the 8-in span was also selected-such-that-the time to 
achieve peak deformation would be short enough to prevent the required com- 
puting time for the theoretical transient response prediction scheme from 
being excessive; this judgment was based upon much previous computational 
experience (17, for example) on similar structures. With these selected 
• dimensions for the missile" and the target beam, it was anticipated that 
the beam would exhibit essentially 2-D deformation everywhere except in 
the immediate vicinity of thesphere-beam impact point'. Thus, this ex- 
•perimental information could serve the dual purposes of providing data to 
check (a) beam 2-D response predictions and (b) narrow plate 3-D struc-
tural response calculations (in the future), to fragment impact. The 
reader is invited to consult Ref. 16 for further details of these experi-
ments.
An inspection of each beam specimen indicates that except near the 
0	 6
Point of in 	 itself (i.e., where I f ; 0.8 in), the beam underwent 
essentially 2-0 deflection behavior; pronounced 3-0 behavior occurs nearer 
the point of initial impact. Hence, the 2-0 structural response code 
CIVM-J 48 (4) or cIV-j 58 (] may be expected to 
provide valid com-
parisons  in the regions lxi
 , 0.8-in. Accordingly, calculations and 
comparisons with experiment have been carried out mainly for two typical 
conditions given in Ref. 16, and are discussed in subsequent subsections
 
of this section; an additional case was also examined briefly. In particu-
lar, the test specimens and associated conditions identified as beam speci-
mens and tests CB-13, CB-16, and :CB-18 are employed, and the pertinent
 data are as follows. 
a
Specimen Beam Dimensions (in) Steel-Sphere Data 
and 
Test 
CB-13 
CB-18 
CB-16
Thick., h
	 Width, b 
.100	 1.501 
.097	 1.498 
.098	 1.495
Span, L 
8.002 
8.002 
8.002
Weight
	 Initial Impact (grams)	 Velocity (in/sec) 
66.738	 2490 
66.810	 2795 
66.809
	 2870
Specimen CB-13 exhibited moderate permanent deflection while specimen 
CB-48 displayed 
,
a state of large permanent deformation; model CB-16 experi-
enced an even greater response: to just barely beyond threshold rupture for 
the entire cross section. 
Before attempting to compare predictions with experimental measure-
ments, it is useful first to examine the effects on the predicted response 
of the number of finite elements used to model the beam; this is discussed 
for both specimens CB-13 and CB-18 in Subsection 2.2 where the mechanical 
behavior of the beam material is assumed to be insensitive to strain-rate 
effects. Next, in Subsection 2.3 the effects of (small) strain-rate 
sensitivity of the beam material on the predicted transient responses of 
steel-sphere impacted beams CB-13 and CB-18 are illustrated. Then in 
Subsection 2.4 comparisons-are made between structural response predic-
tions and experimental measurements for specimens CB-]3, CB-18, and CB-16. 
7 
Subsection 2.5 contains 
summary observations and some considerationsof alter-. 
nate selections for sodding 
the Problem Of structural response to fragment Impact.. 
2.2 Effects of Pinite-Elemen_t Modeling 
To illustrate the effects of various finite-el_et modelings and 
Of 
material strain-rate effects in Subsections 2.2 and 2.3, respectivsiy, 
predictions are compared with each other. For this 
illustrative purpose 
a piecewise linear stress-strain material medal which is represented by 
the mechanical sublayer medal (see Ref. 17, far vamp1e1 was used to ap-
proximate a stress-strain curve given In Ref. 19 for a sii!j1ar aluminum 
alloy (6061-16 and/or 606116511); this piecewise linear approximation had 
been employed in similar predictions reported 
in Refs, 7 and 20 as well as 
in a number of computer rums made early in the present study before measure_ 
ments of the static uniazial 
stress-strain behavior of the 6061-1551 alumi-
num used in the present bean models was documented in Ref. 21 in 1977. 
Hence, rather than repeating many calculations employing 
the Ref. 21 stress-
strain data, it was decided to present the predictions to be shown in Sub- 
sections 2.2 and 2.3 based on the earlier Rillustrativell stress-strain 
approximation. That piecewise linear approximation to thea1,y11
 static 
stress-strain curve of Ref. 19 is. given by the  
stress-strain_pej*. 
- (0 psi, 0), (41,000 psi; 0.0041 in/in), (45,000 psi; 0.0120), and 
(53,000 psi; 0.1000). Since this applies to static conditions, this medel is 
termed elastic, strain hardening (EL-SE). Finally, the use of both the "illus-
trative Fit A" stress-strain approximation and a similar approximation to the 
stress-strain behavior of 6061-1651 aluminum as documented in Ref. 21 will be discussed in Subsection 2.4 where predictions are compared with measured 
transient responses and p
ermanent deflections of the present steel-sphere 
impacted beams. 
Before discussing the prediction of beam 
structural response to 
steel-sphere impact, it is useful to consider briefly a simpler struc-
tural response problem in which impact is not 
involved and, hence, the 
modeling and analysis uncertainties are lesser. In particular, consider 
first an initially flat 6061-1651 aluminum beam of 0.102-in thickness, 
*
Hereinafter these values will be called stress-strain 
mill ustrative Pit A".
•	 i. _i, width, and S. 006-in span with both an ideally 
clamped, and sub- jected to w2iform impulse loading over its entire 
width and for a 1.8-in 
spanwjse region centered at midspan; exper
imental data for such a case is 
given in Ref. 16 for a model identified as beam specimen CD-i. For this 
case, the impulsive loading p
roduced essentially a uniform initial lateral velocjty* of 6660 in/sec over the 
izpujLsively_loadedportion of the beam. 
This case is employed here only to illustrate the effects on the Predicted transient structural response of 
the number of u ifor_leth beam finite elements used to model this structure 
In particul., the finite element computer code of Ref. 3 as modified in the stud,, qs of 
Ref. 20 was employed in three modeling calculations; namely, the half- 
span of the beam was modeled by 10, 20, and 30 equal_1g 
4D0P/node finite elements, and sYmeetry conditions were imposed at midspan. Over 
the central inpuJsjvaly..j
	
region, the model's elements were assigned
"uniform" injtial velocities such that the initial kinetic energy of the 
mathematical model matched that implied for the. actual. CB-L test specimen 
whose density was taken as 0.098 lb/in3. 
.	
For the CB-1 test conditions, the predicted midspan deflection w is 
shown in Fig. 4a as a function of time for the 10, 20, and 30 element/half-
span calculations it is seen that, the 
20-element and 30-element Predic-tions essentially duplicate each other; also, the 10-element 
predictidu is 
very close to the other two predictions. Hence, it appears that the 10- 
element calculation represents nearly a wconverged prediction, and the 
20
-élement model provides a clearly converged result. Somewhat more sensi-
tive indications of conv
ergence are shown by the predictions of transi-
ent axial strains on the upper (non-loaded) surface of the beam at loca-
tions x - 0.4, 1.60, and 3.0 in m
easured from midspan; these predictions 
are shown, respectively, in Figs. 41,, 4c, and 4d. Except at x - 0.4 in, 
the 10-element prediction is in reasonable agreement 
with the 30-ein 
Prediction. At all locations, the 
20-element and the 30-element 
*
The imPulsivelY-imparted v
elocity was determined from calibration experi-mente (described in Ref. 19) using 
explos'vely-10aded flyer plates. 
9 
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Predictions agree reasonably with each other. 
Prom the C8-1 calculations, one can conclude that the use of a 20-
element per half-span FE model with 4 COP/node elements will provide an 
adequate structural model fcr predicting large-deflection, elastic-plastic 
transient structural responses 0: this impulsively-loaded beam structure 
insofar as the number of finite elements used to model the structure is 
concerned. Hence, it is reasonable to expect that a similar modeling 
fineness should suffice for analyzing the responses of similar beams to 
steel-sphere Impact - provided that the impact-interaction and assocj-
ated modeling requirements are not more stringent. 
- It should be noted at this point (as discussed also in Appendix A) 
that converged finite element predictions by the assumed displacement 
method dSpend not only upon using an adequately large number of elements 
but also upon employing a type of element-assumed-displacement field 
which includes continuity of w and its first spanwise derivative and con-
tinuity of the v displacement as well as constant strain terms and rigid 
body modes. These conditions are fulfilled by the present beam elements 
as noted In Appendix A. Sought here, however, is engineering convergence 
(accuracy to perhaps 5 to 10 per cent with the use of a modest number of 
finite elements) rather than strict mathematical convergence (accuracy to 
a fraction of a per cent by using a great number of elements); this is 
"achieveds in the present instance by using about 20 or more elements 
per beam half span. 
Next, consider the analysis of beams CB-13 and CB-18 which were 
subjected to steel-sphere impact. To analyze these cases, various numbers 
of both uniform-length and nonuniform-length finite elements were con-
sidered for modeling the entire nominal 8-in span of the beam, as mdi-
cated in Pig. S. Shown for only the half span are the finite-element 
arrangementsexami ned; the length of each element is shown. For the 
several arrangements of elements of nonuniform lengths, the intent was to 
use fine meshing near the point of initial impact and near the clamped 
ends to provide detailed information where significant bending (as well as 
10
stretching) was expected; in regions of small spatial variations of behavior 
and where very little bn'{ eq was expected, coarser meshing (longer elements) 
were expected torOvide adequate. information.
	 wever, the presence of 
small-length finite elements caueeè the " 4"njm natural frequency of the 
mathematical model of the entire structure to be much higher than would be 
the case if one were to use the same number of uniform-length finite elements. 
Thus, since the central-difference timewise finite-difference operator is 
used for the tlmewise solution of the equations of motion in CIVWJEr 4B, 
this means in turn that one must use a much smaller time increment At for a 
nonuniform mesh FE model than for a corresponding uniform-mesh FE model. 
Further, if one were to analyze a contaient-ring structure that could be 
impacted by, perhaps, several fragments at axiy circumferential location of the 
ring, it would be infeasible and illogical to attempt to model the ring with 
nonuniform finite elements -- an array of uniform-length finite elements would 
be clearly the sensible choice. Therefore, in view of theao considerations, 
subsequent finite element modelings and calculations of the steel-sphere-
impacted beams utilized only uniform-length finite elements. 
Is In particular as Fig 5 shows, the entire beam was modeled with 
either 23 or 43 uniform-length finite elements, with the midspan of the 
center finite element located for convenience at the midspan of the beam 
itself: the location of the point of initial steel-sphere impact. The 
effects of these two FE modelings upon the predicted responses of speci-
mens CE-13 and CB-18 will be examined next. From the earlier "convergence 
discussion" with reference to impulsively-loaded model CB-1, it is ex-
pected that the present 43 element model (2 22 elements per half span) 
will -hi-bit "converged impact-induced response". It is also of in-
terest to assess the sensitivity of the predicted impact-induced re-
sponse to a similar but coarser FE modeling; namely, essentially one-half 
of the number of uniform-length elements used in the former case. 
First, it should be noted that, as expected, the structural be-
havior of these steel-shpere impacted beams was two-dimensional at all 
spanwise stations except for those near (within about 0.8-in of) the 
center of initial irpact; nearer the point of initial impact, very
pronounced three-dimensional structural deformations axe evident. There-
fore, since the CIVM-JET 4B analysis and code pertains strictly to 2-D 
structural response, theoretical-experimental comparisons (see Subsection 
2.4) can be made logically only at stations lxi > 1.0 in .
-However, as 
a matter of curiosity, comparisons between experiment and 2-D prdiàt..ons 
will be made in both of these regions: lx! >'1.0 in and Jx < 1.0 in. 
CIVM-JET 4B calculations were carried out to predict the impact-
induced responses of specimens CB-13 and CB-18. In each case the impact-
ing fragment was modeled as a rigid 2-D circular fragment of 0.5-in 
radius. In the impact-interaction portion of the computer code, locally 
perfectly-elastic impact was assumed; hence, a coefficient of restitution 
e of 1.0 was used. The aluminum beam material (p = 0.098 lb/in3
 weight 
density) was modeled as behaving in an EL-SH fashion by *illustrative
 
Fit A". The time increment size At used was 1.0 and 0.5 1sec for the 23-
element and the 43-element model, respectively. 
Shown in Fig. 6 are the predicted time histories of the lateral 
displacement w for the 23- and the 43-element case at spanwise stations 
.	
- x 1.2, 1.9, and 3.6 in for specimen CB-13. A similar plot is given in 
Fig. 7 for the more severely impacted specimen C3-18. Both of these 
figures indicate very close agreement between the predicted time his-
tories of displacements from these tuo modelings_at_each of -these span-
wise stations. 
A more sensitive and meaningful comparison of these predictions 
involves axial strains Y on the upper (U) or the lower (L, or impact) 
surface of the beam at various spanwise stations. Such comparisons are 
shown in Figs. ,8 and 9 for specimens CB-13 and CB-18, respectively. 
Sunmarized in the following tabulation are the comparisons of these two 
predictions (23 and 43 element, both EL-SE) with each other (and/or versus 
experimental data for rough comparison only) shown in these figures. 
12	 -
---•-------'.	
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Time Histories of Strain on 
Surface U (upper) and/or L(lower) 
Specimen Station x (in) Predicted	 Measured' 
CB-13 8a 0 and La	
- 
Sb 0.6 U	 U 
Sc. 1.2 
Sd 1.5 U and L
	 U and L 
8e 2.1 UA	 - 
SE 3.7 U and L	 .,	 U 
CB-18 9a 0 Ua and La	 -. 
9b 0.6 .	 .0	 .	 U 
9c 1.2 :. 
9d 2.1 
9e 3.7 U and L	 U
Superscript "a" denotes locations which coincide with the midspan 
station of a finite element.. Superscript "b" pertains to stations x 
which coincide with a nodal station of the FE model; the associated 
strain value plotted is the average value given by the two elements at 
that nodal junction station. Predicted strains at locations not marked 
by "a" or "b" occur at some station intermediate between the end and the 
midspan of a finite element. 
The inclusion of measured strain data in these plots is intended 
to provide some intuitive guidance in assessing the 23-element vs. the 
43-element predictions. 
Figures 8a and Sb are included for academic interest; at these loca-
tions (x = 0 and x = 0.6 in), the computer values are legitimate for 2-D 
structural response and hence may be compared with each other. However, 
it is not proper to compare predictions with measurements at x = 0.6 
since 3-D structural behavior is evident in the experiments and the mea-
sured strain history there must be affected accordingly; nevertheless, 
the "inappropriate" 2-D predictions are included vs. measurements in 
Fig. Sb. Strains predicted by nodal averaging at station x = 1.2 in are 
shown in Fig. Sc for both FE nodelings. At x = 1.50 in, the predicted 
13 
40
strains are at element locations intermediate between aidelement and a node; 
	
•	 in Fig. 8d. 2-D predictions are compared with measured strains also under 
2-D structural response conditions. Midelement strains for )trh P- Ai 1 - 
tions are shown in Fig. Be for x - 2.1 in; again one observes similar 
qualitative and quantitative behavior between these two predictions. How-
ever, no measurements are available to aid one's assessment. Finally, 
Fig. 8f shows predicted and measured strains in a region where the impor-
tance of the bending behavior is changing rapidly with spaniiise location; 
predictions at element locations intermediate between the midelement 
point and a node are "compared" with measured values on the upper surface 
at x - 3.70 in. Here the 23-element prediction differs markedly from the 
43-element result; incidentally, the latter is in better but not really 
good agreement with experiment. Near x 3.70 in the strains change rapid-
ly with x in this region -- as shown in Fig. 8g where the predicted upper-
-surface strain vs. x at time after initial impact TAIl 1020 usec is 
plotted for the 23- and the 43-element calculation. Figure 8g demonstrates 
the severe strain gradients which occur near the "uiidspan impact region" 
and near the clamped end of the beam. 
More extensive comparisons between EL-SN predictions of transient 
strains are given in Fig. 9 for the more severe impact conditions 
prevailing for specimen Ca-18. The midelement strains predicted at 
x - 0 again exhibit pronounced differences between the 23-element 
and the 43-element case. At x - 0.6 in, predicted upper-surface strains 
are shown and pertain to element locations between midejement and a 
node; also shown are measured strains on the upper surface at x 0.6 in. 
Again, the 43-element predictions agree better with experiment than do 
the 23-element predictions, although these 2-D predictions are not 
strictly comparable with the 3-D measured data. However, at x - 1.20 in, 
2-D predictions could be compared legitimately with measurements since 
the latter pertain to 2-D behavior also at that station, except for the 
use of illustrative stress-strain Fit A; here, better and ratner reason-
able (perhaps coincidental) agreement between the 43-element predictions 
of nodal-averaged strain and experiment is seen. Midelemnt nroi to4 
Comparisons of predictions with measured strains may be found in Fig. 17. 
	
.	
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strain in the 2-D region is plotted in Fi. 9d at z - 2.1 in. Finally, 
near the clamped and at x - 3.70 in, predicted upper surface strainr for 
CB-18 are compared with measurements, the severe strain gradients in
	
- 1• 
this region can readily lead to pronounced theoretical-experimental 
discrepancies. The comparison here is stmilar to that noted earlier con-
cerning specimen CB-13. 
With respect to representing rapid variations of strain with span-
vise,
 distance at stations very close to the clamped ends, these variations 
can be represented adequately in principle by employing a finer finite 
element mesh in those regions. In addition, however, it should be noted 
that near the clamped ends of severely-impacted or loaded specimens there
 
is visual (orange peel) evidence of the occurrence of transverse shear defor-
mat.icn - whereas the present finite elements do not include this behavior. 
If transverse shear deformation effects become sufficiently important, finite
	 4 
elements which include this effect could be used but this use, in turn, will 
lead to a much larger highest frequency of the mathematically-modeled 
structure 1171 thereby requiring one to use a much, smaller time step size 
At if the central-difference operator were used for the timewise solution. 
.
It was noted earlier that near the inidspan impact point, the 43-
element predictions differ from the 23-element predictions for 
each of the 
specimens CB-13 and CB-18. The principal reasons for this involve the de-
tails of the (approximate) impact-interaction claculation method employed, as 
described in the following. In essence, when the fragment impacts the beam, 
a calculation is made to determine the amount of momentum transferred from 
he fragment to a portion of the beam centered about that impact point - 
called the "locally-affected region" which is defined as that which will 
experience an imparted velocity increment. The distance from the impact 
point to either end of this locally-affected region* is denoted by the 
"effective length" Leff • One estimate** is that Leff is the product of the 
simple elastic rod-wave velocity
	 times the time step size At being 
See, for example, Appendix A of Ref. 4 or Appendix B of Ref. S. 
Another est i mate of Leff is discussed later in this subsection. 
is 
is
used, where B is the elastic modulus and p is the mass per unit volume of the-- 
beam material, for
	 !l/2 - 198,486 in/sec. Since the ClVM-JE 4B

computer code was employed and this program uses the central-difference time- 
wise solution operator, the time step size At must be less than 2/w
	 to 
MaX 
avoid calculation divergence, where w is the maximum frequency of the 
max
-mathematical model of the Structure for small
-displacement linear elastic 
behavior. P,.	 ,.__,.	 - - - - -	 - -	
ic-pi.tj transient response calcula- 
tions, experience has shown that one must use a smaller value for At such as 
At < 0.8(2/w). Shown in the following tabulation are w, 2/w, 
O.8(2/w), and the actual timestep size At used for the 23
.
- and 43-elament 
modelings of CB-13 and C-18, included also are the finite element length 
and L ff 
-	
1/2	
- 
1
Time Stop Siz. Valusa 
.
No. of 
Uniform 
E1cnta 
21 
43
six 
(tad/see) 
0.124349x107 
0. 232600x107
(4t)	 = .__L 
_ jPsec) 
1.608 
0.860
0.8 .__L 
%ax 
(Uscc) 
1.287 
0.688
(At) 
(Usee[_ 
1.00 
0.50
81/2	 I ()	 (At)us , 
(in) 
0.1985	 I 
0.0993	 I
E3. 
Llnqth 
0.3478 
0.1860
Note that since-U) impact occurs at the center of the finite element which 
is centered at midspan and (2) Leff > One-half of an element length ,the 
locally-affected impact region includes not only the center element but 
also a portion of one element on each side of the impacted element. These 
three elements, therefore, contribute to the mass portion of the berm which 
acquires a distributed increment of velocity a3sociated with the m.mentum 
transfer. The mass involved and employed in the computational logic is 
that at the end nodes of the central element for the assembled finite 
element model and hence represents the mass of 2 complete elements: all of 
the center element and one half of the element on each side of the center 
element. Thus, it can be seen readily that for a given impact, the larger 
imp
act-affected, region assumed to be associated with the 23-element model 
will experience a considerably smaller velocity increment than will the 
impact-affected region in the 43-element model; thus, near the impact 
16 
point, one expects and does see a much more severe response for the 
43-
	
•	 than for the 23-element model (see, for example, Figs. 8a and Sb for 
	
•	 specimen 
-13 and Figs. 9a and 9b for specimen CB-18). As in St. Venant's 
	
•	 Principle, the predicted responses at locations remote from the "impact-
affected" zone are in good agreement for the 23- vs. the 43-element calcula-
tion, except near the clamped end where pronounced bending occurs• and 
Produces significant differences. 
The just-discussed 
estimate for the impact-affected half length 
Lff	 1/2	
-for a single impact can be seen to yield unreasonable 
estimates if one were to employ a very large or a 
very small value for 
At. In the former case, the normal
-direction momentum transfer produced 
by the impact-induced th ough-the .thjg5
 (and spreading) stress waves 
will have ceased long before the large At (which may be permitted by
 
- --	
another timewise finite difference operator) has elapsed; hence, the actu-
al region receiving this normal-direction momentum transfer or velocity 
increment will be much smaller than the above estimate for L
	 assumes. 
eff On the other hand, for very small At, the impact-induced stress wave 
Passing
 through the thickness may not yet have reached the opposite free 
surface -- thus, the momentum transfer envisioned in the calculation model 
could not have been completed physically. Thus, for a single impact, one 
can make a more rational estimate for Leff from stress wave propagation 
consideratinns even though the basic structural response and impact/inter-
action model being used does not take explicit account of this type of 
"across-the-thickness" stress wave propagation behavior. 
Figure 10 depicts in a simplified fashion two idealized types of 
impacting-fragment geometries: (1) a 2-D fragment of circular cross section, 
which contacts the target at a "line" and (2) a 2-D fragment of rectangu-
lar cross section. For impact of the 2-D beam target by the solid cylin-
drical fragment, a highly simplified picture is shown of the sequence of 
stress waves which propagate "across the thickness direction" of the bean. 
For present purposes let it be assumed that these stress waves are simple 
elastic waves. At the initial impact point, a "line source of compression" 
is produced; a compression wave prpagates into the plate as a cylindrical
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front from this "line source" and weakens as it expands because of 
"geometric divergence". The material particles being traversed by the 
compression wave are given a material velocity in the direction of the 
propagating wave front. When this compression front reaches the opposite 
free surface of the plats where the stress is required to rema i n at the 
zero-stress condition, a cancelling tension wave arises and can be viewed 
as emanating from source center SC-2 located at a distance h beyond this 
free surface. This reflected tension wave also weakens as it propagates 
(and diverges) through the plate and imparts an addition particle velocity 
to the material in a direction opposite to the diiection of travel of the 
propagating tension wave front. When this tension wave front reaches a 
free surface, a corresponding reflected compression wave is generated at 
pseudo-source-center SC-3. When this new compression front reaches the 
opposite free surface, a new tension front is created with pseudo source 
center at SC-4. The wave front strength created initially by each new 
pseudo source becomes weaker and weaker for each successive source --
roughly inversely proportional to the square of the distance from the 
source center. Hence, by the time that wave front 4T from SC-4 reaches 
the originally impacted surface, one can argue reasonably that subsequent 
waves would be able to induce only slight additional increments to the 
particle velocity of the material traversed by the stress waves.. Thus, 
a reasonable estimate of the beam length region L ff which experiences a 
substantial velocity increment in the direction normal to the plate is 
selected as the intersection of wave front 4T with the half thickness 
station of the beam; from this geometric picture one can show that 
Leff ' 1.94 h (see Fig. lOa). The actual stress wave propagation is 
much more complex than described here (see Refs. 22 and 23, for example); 
however, it is believed that the present description is adequate for the 
purposes of selecting a reasonable value for the beam impact-affected 
zone half-length L ff . For this type of impact, therefore, it would not 
be unraasonable to choose 1.5h Leff 2. Oh -- independent of the calcu-
lation rime step size tat. 
By similar arguments, the beam impact-affected zone half length 
.	 .	 .	
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Leff fOr the beam impacted by the rectangular section fragment depicted in 
Fig. lOb might be estimated as £r 2 + h L ff 1 Ir/ + 2h. 
• With respect to the 43-element calculation discussed earlier, the 
present estimate for L ff would be approximately 1.94h '. 0.194 in: hence, 
the total impact-affected zone of 2L ff
 0.386 in would amount to about 
•
	
	 two beam element lengths (i.e., 2(.186) - .372 in) . This turns outtO be

consistent with the previously-discussed 43-element calculation wherein 
the Leff employed resulted in estimating the impact-affected zone to in-
clude both nodes of the impacted center element of the assembled beam 
structure. Those two nodes are regarded as receiving the impact-imparted 
impulse and do represent the mass for 2 beam elements. Thus, the 43-
element calculation can be regarded as valid from the collision-inter:. 
action standpoint, whereas the 23-element calculation assumes an un-
reasonably large region of the beam to receive the momentum transferred 
by the attacking fragment in a single impact. This means that near the 
paint of impact, one should use shorter elements than in the 23 equal-
length-element case in order to take into account properly the beam 
region which effectively receives the transferred momentum (and associ-
ated velocity increment) from a single impact. 
Finally, it is of interest to note that 43-element EL-SE Fit A 
calculations were carried out for the steel-sphere-impacted CB-18 beam 
by using various At values in the CIVM-JET 48 program. For this modeling 
it was found that 2/w
	 0.60 Usec; hence, the rule-of-thumb choiceMA
 for an acceptable At to avoid calculation instability from 
error growth for large-deflection elastic-plastic transient response 
predictions is 
. 0.8(2/w) 0.688 Usec. Calculations were carried out 
for At values of (a) 0.5 psec which corresponds to .58(2/w) and (b) 
0.75 psec which corresponds to 
.87 (21w). For at = 0.5 psec, the transi-
ent response calculations were found to be well behaved and converged. 
However, at At = 0.75 Lzsec, the predicted impact-induced response became 
appreciably different (and larger) than for the converged calculations 
This experience indicates that when carrying out impact-induced nonlinear 
response calculations which utilize the timewise Central difference 
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Operator (CXVM-JET We one must be careful
 
the critical At
	
to choose a At well below 
2/w for this operator when applied to linear eye-
ts. It appears from this 
experience that the rough rule-
.of... th [17, for ex 16 1 for se1ecttrg At(i.e., At < 0 .8(2 '/W
	 is applic-

able and should not be stretched. unduly. 
Strain-Rate Effects 
When the effect of str
ain rate on 
the mechanical behavior of the 
structural material is taken into account, the material is d ted 
eno	 as behaving in an elastic, strainhardenjng
	
s
 Sensitive fashion: EL-SH-.SR. An appr
oxtjo to account for the principal effects
 of strain rate on the unia.xjal 
stress
-strain-behavior of ductile metals is
 given by the following COvper-SyTO
	
relation [241: 
a
(1+ 
ok	 D	 (2.1) 
where 
a k and 11 y are, respectively, the Static and the strain rate-
dependent yield stresses of the kth elastic, Perfectiy..plastic
 
cal sublayerig is the strain rate, and 
D and p are material
	
mcj.. 
Strain rate constants  For aluminum, Ref. 25 suggests the use of 
D - 6500 sec 
and p = 4; these values are employed here also for illustration 
Although the stress-strain behavior of 6061-T651 
aluminum is be-lieved to be rather insensitive to Strain rate, some 
illustrative 
element calculations have been carried out for beam speczme C8-13 and 
CE-18, using the strain-rate- constants D 6500 sec 1
 and p 4. These EL-SR-SR predictions are compared with the previous 
EL-SR predictions
and with experiment for Specimens C8-13 and CB-l8 in 
this subsection. 
Shown in Figs. 11 and 12 for specimens C8-13 and C8-18, respec-
tively, are 43-element EL-SR and EL-SR-SR 
predictions of midspan dis-p
lacement w versus time as well as the measured and predicted Permanent 
deflections of each specimen as a function of Spanwise location X. As expected, the predicted deflections are less for the 
EL-SR-SR case than *See Subsection A.4 for a description of the mechaflicalsublayer
 material 
model.
-	
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for corresponding EL-SR calculation; although small strain-rate sensitivity 
•	
is used, strain-rate effects in metals effectively "stiffen" the structure 
thereby leading to a lesser response.* Note that for both the CB-13 and 
the cB-18 eple, the EL-SR prediction of the permanent deflection is in 
better agreement with experiment in the 2-0 region than is the EL-SR-SR re-
sult; the-experimental result is plotted along the midwidth station y - 0 
of each beam and includes pronounced 3-0 deformation evidence over the region 
jxf < 0.8 in. 
For specimen CB-13, 43-element EL-SR and EL-SR-SR calculations were 
made wherein steel-sphere perpendicular impact was specified to occur 
initially at the midèpan location of the beam. Theoretically, the en-
suing beam response and fragment motion should remain symmetric. However, 
because of calculation roundoff error, one finds that after many time in-
crements in the calculation have occurred some response asymmetry and con-
sequent fragment motion asymmetry appear.* Hence, a second EL-SB-SR 43-
element calculation was done wherein, at the end of each At time increment 
in the calculation, the fragment was required or "constrained" to move and 
remain
, in the x - 0 plane; for convenience, this calculation is termed 
herein 43C. This constraint resulted in only small changes in the pre-
dicted beam response - affecting slightly the time at which peak strain 
was predicted to occur at a given station only near midspan, but not af-
fecting the value of that peak si gnificantly. These 43-element EL-SM, 
EL-SR-SR, and EL-SH-SR/43c strain predictions at x 0 are shown in 
Fig. 13a for specimen CB-13. 
EL-SB and EL-SE-SR predictions of transient strain on the upper 
and the lover surface of -beam CB-13 at 
.
a representative 2-D location 
(x 1.50 in) are compared with measurements in Fig. 13b; similar com-
parisons for the upper surface of the beam at station x = 3.70 in are 
shown in Fig. 13c. At both of these locations, the EL-SR-SR calculation 
provides the better agreement with experiment. Finally, Fig. 13d shows 
EL-SB and EL-SR-SR predictions versus measurements of the permanent 
strain as a function of span- wise location x. In the 2-D response region, 
the measured permanent strain is less than about 0.7 per cent for 
*Figure 13c indicates an "exception" to this for the EL-SM-SR calculation 
but this occurred because of inadvertent asymmetric impact - corrected 
subsequently by the EL-SH-SR/43C calculation. 
21
 
. 
.
Specimen CB-13, it is seen that the predicted permanent upper-surface strains 
tend to be somewhat larger than the measured values, with the EL-SR-SR 
prediction being in closer agreement with ez.riant. 
- Similar cosparison Of EL-SR and EL-SR-SR strain predictions for beam

	
•	
-18 are shown in Figs. 14a, lab, 14c, and 14d. Note in Fig. 14d that the 
	
•	
measured. p "	 upper-surface strain vs. x in the 2-0 regioa is less than 
about 1.5 1 per cent. Again predicted permanent strains are somewhat larger 
than measured. 
Overall, the EL-SE-SR predictions are batter in sews regions while 
the EL-SR predictions are better in other regions, particularly near the 
point of impact. Because some predicted asymmetric behavior was observed 
for symmetric impact conditions when using the EL-SR-SR condition and - 
also because -of uncctainty of proper strain-rate parameter values, most 
of the following comparisons and studies are performed with Only the 
EL-SR material modeling. 
Finally, it should be noted that there is widespread agreement that 
the mechanical stress-strain behavior of tempered aluminum is relatively 
insensitive to strain rate at room temperature conditions (c r pared with 
mild steel (251 or titan i um (261, for ,'r'ple), but the degree of-the 
sensitivity is-in doubt. Reference 27 indicates that at room temperature 
various of the common aluminum alloys in the soft annealed (0N) condition 
(such as 1060-0, 1100-0, 6061-0, 7075-0, forexample) display distinct 
rate sensitivity; these same alloys when tempered to the T3 or T6 condi-
tion exhibit almost no strain-rate sensitivity. There is, however, 
scatter of strain-rate data amongst various reference sources [28-30]. 
2.4 Comparisons of Predictions with Experiment
	 - 
Examined in Subsection 2.2 was the effect on the predicted deflec-
tions and strains of using various finite-element modelings of the steel-
sphere-impacted beams when the beam material was treated as behaving as 
an elastic strain-harding (EL-SE) material. Next, in Subsection 2.3 
the effects of including material strain-rate (SR) dependent behavior 
was explored (the material was treated as EL-SK-SR) by employing 
- -	 -	 22 
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illustrative strain-rate constant values 0 - 6500 sec 1 and p - 4 for 
altirna (25). In both of those subsections, the predictions were 
compared primarily with each other. Based upon those studies and the 
considerations discussed in those subsections, the combination of 
(1) a 43-element model to represent the entire beam and (2) material 
--sH behavior was chosen as being a reasonably satisfactory basis for 
predicting steel-sphere-impacted beam 2-D responses for the pu4rpose of 
comparingpredictions with experimental measurements ,for beam specimens 
CB-13, CB-16, and CB-18, except that now the stress-strain curve of Ref. 21 
for the 6061-T651 beam material should be employed. ;.These comparisons. 
(experiment, predictions with illustrative stress-strain Fit A, and pre-
dictions with the new stress-strain fit for 6061-T651 aluminum) are dis-
cussed now in this subsection. 
For convenient reference, the test conditions and observed effects 
on these beam specimens are siirized concisely in the following: 
Specimen
Steel Sphere Data
Post-Test 
and Weight Initial Impact Initial Kinetic Condition 
Test (grams) Velocity (in/sec) .Energy (in-lb) of Beam 
CB-13 66.738 2490 1187	 Moderate perma-
nent deforma-
tion 
CB-18 66.810 2795 1489	 Large perma-
nent deforma-
tion 
CB-16 66.809 2870 1569	 Specimen rup-
tured; thres-
hold rupture 
condition
Note that beam CB-13 pirhihjted a moderate degree of permanent deformation 
while the more severely impacted CB-18 beam displayed large permanent 
deformation. Within about 0.25 in of the center of impact and along a 
roughly circular band, some tiny cracks are observed on the upper sur-
face of specimen CB-13 but these cracks do not extend through the 
23 
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thickness of the specimen. Similar but somewhat more pronounced cracks 
are seen on the upper surface of specimen CB-18, but again, these cracks do not extend through the thickness 
of the specimen. The even-more.. 
severely impacted beam CB-16 ' (2870 in/sec imptct Velocity) fractured 
across the entire thickness 
and width of the beam at essentially-the 
-midspan 
impact station; the crack Line (see Pig. 15) suggests that crack 
initiation Occurred along the NCircu.jar crick initiation zone
w
 obberved 
on C33-13 and CB-18 and then spread from the center toward both edges of 
the beam. The C8-16 impact condition is essentially that for threshold 
complete fracture" since the steel sphere was stopped and 
rebounded; .
 the sphere did not pass through the crack_
produCed opening. Also near the 
fracture station" of specimen CB-16, a considerable degree of necking 
was observed in-the beam-width direction - 
indicating the presence of 
very large strains. All three specimens bore evidence of significant
 
straining on the lower (tension) surface at each clamped end, with the 
degree of straining here varying from slight for 
specimen C8-13 to pro- 
nounced for specimens CB-18 and CB-.16. 
From an examination of these specimens, one can 
see readily that three-dimensional (3-D) de.formatj05 behavior occurred on all three spec 1.-
mess in a spanwise region totalling about 1.5 inches in length Centered 
about the (midspan) station of initial impact (x 0). Also, very close 
to the clamped ends, a snail amount of 3-D deformation occurred. Thus, 
since the present predictjon method applies strictly to only 2-D deforma-
tion behavior and is restricted in its 
validity to strains which are only 
Of snail to moderate size (the basic formulation does not accOdste * 
large strains ), predictions can be compared "legitimately with measure-
- ments only in those beam spanwise 
station regions in which 
2-DrespOnse behavior occurs; these regions are estimated to be roughly 
0.8 < Ix! < 3.70 in. For 
comparisons made for curiosity at locations 
*
To account properly for large strains, a more
 formulation and implementation is needed; s
	
comprehensive and rigorous
 
matter are given in Section 6.
	 -	
ome further comments on this 
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beyond the zone of v
mlidity, one must be aware of the tenuous nature 
of such caparjsoi. Also, the experimental structural 
response in the 
region of 2-D behavior can be argued to be tainted somewhat 
_by the Presence and indirect	
can
 of 3-D response in the cited 2-D por-
tiøs of the structure. 
Because of the similarities among the three expert (i.e., 
beam
 geometry, material Properties,
 and fragment size), it is expected that the REtacted 2-D responses for these beams will be similar
 tivel.y but of ascending mag
nitude from CB-13 to CB-j
	
quaiita 
to CB-j,6 - where the prediction model asses througlou the predicted
 response that no material, fracturing or cracking has occurred. F
Igures 16a through 16d show 2-D RE2ftLctions (43 element, 
EL-SR illustrative Pit A) of the upper-
surface axiai. strain,y at stations x 0, 0;6, 1.5, and 3,7 in for 
specimens CB-131 C33-18, and C33-16 (listed here in the order of increasing 
Severity). The expected ascendancy in response severity is evident; however, the CB-16 prediction exhibits only a slightly gre
aterstraj response at these locations than the CB-1 predjc	 response, which-is
expected since the pre-impact kinetic energy of the 
fragment is only about 5.4 per cent greater for specimen 03-16 than for specimen CB-].8. 
meas
Comparisons of the y ,1 beam-.surface strain 2icUons Versus 
urementsfor specimens CB-13, CB-18, and CB-16 are shown in the 
figures listed concisely below for convenient reference: 
Figures where Predicted Strain vs. zxPerickent are Sho 
Entire Span for Sta,jon IxI (in)-	 0.6	 1.2	 1.5	 3.0	 3.7	 Permanent Strain 
Specimen 
CB-13 
cs-la 
CB-16
Sb	
-	 13b	 - l3c	 l3d 
9b	 9c	 14b	 -	 -
l4d 
17b 17c
	 17d
	 17e	 17f	 -
. 	 V	
V	 V 
It should be noted that all of these predictions utilize illustrative 
stress-strain Fit A and hence, should not properly be compared with ex- 
periment; later, predictions utilizing a corresponding stress-strain fit 
for the actual 6061-P651 beam material will be presented. 	 - 
Since specimens CB-13 and CB-18 each retained its structural in-
tegrity throughout. its transient response, one can compare strain pre-
dictions legitimately with experimental measurements for these specimens 	 -	 V 
for the entire history, including the permanent deformation condition for 	
V 
the 2-D region O.W 
.5. lxi <3.70 in. In this regard for transient strains, 
see Figs. 13b and 13c for model CB-13, and Figs. 9c and l4b for model 
CB-18; for both specimens it is seen that the 43-element EL-SE prediction 
is in reasonably good agreement with experiment and that the strain 
levels involved do not exceed the bounds of validity of the present theo-
retical formulation and. computer program. However, the bounds of validity 
appear to be exceeded near the midspan impact point and close to the 
clamped boundaries. Note also from Fig. 8b for CB-13 and Fig. 9b for 
CB-18 where "illegitimate" con'parisOns are made in the 3-0 experimental 
response region at x = 0.6 in, that the 2-0 predictions are in rough 
agreement with measurements during the early part of the time history 
but then tend to diverge vs. experiment as time progresses; also at sta-
tion x = 0.6 in, the strain -gages become detached from the speci::;n 
at an unknown time after initial impact and the strain trace on t.-.e oscil-
loscope record vanishes. Finally, the spanwise distribution of predicted vs. 
experiment permanent upper surface strain Y is shown in Fig. 13d for 
specimen CB-13 and in Fig. 14d for specimen CB-18; in both cases Lhe ex-
perimental strain level is —all in 
V 
the 2-0 region 0.8 < lxi < 3.70 in, 
and the EL-SE-SR prediction is in better agreement with experiment than 
is the EL-SR prediction. Also, there is somewhat better theoretical-experi-
mental pernazent strain agreement for specimen CB-18 than for specimen CB-13. 
For specimens c3-13 and CB-18, Figs. ha and 12a, respectively, 
show 2-D predictions of the vertical deflection w as a function of time 
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after initial impact at spanwise stations x 0, 1.2, 1.9, and 3.6 in; 
corresponding transient deflection measurements were not obtained. How-
ever, measurements were made of the spanwise distributions of permanent 
v-deflection; compared in Figs. jIb and 12b for specimens CB-13 and CB-18, 
respectively, are 2-D predictions of the permanent v-deflection versus 
measurements. These plots of measured v-deflection represent it each span-
wise station x for lxi >.1.0 in,the average of measurements taken along 
lines y -0.5, 0, and +0.5 inch since each specimen exhibited some perma-
nent twist because impact did not occur exactly at the y = 0 width loca-
tion (see Table 7 of Ref. 16). For lxi < 1.0 iii, the measured v-deflec-
tion values plotted represent those along y = 0 aM the average of those 
at y -0.5 in and y = +0.5 in at each lxi station; in this region, 
the 3-D nature of the deflection is evident from these plots. Note that 
in the 2-D region (0.8 < xl < 3.7 in), the permanent deflection predic-
tions (43 element, Fit A) compare much better with experiment for specimen 
CB-18 than for specimen cB-13; a similar but less dramatic result was noted 
earlier with respect to permanent-strains. Further, the EL-SR-SR v-deflection 
.	 prediction appears in each case to agree slightly better with experiment than 
does the EL-SR prediction. However, this might be accidental because only very 
approximate values for the strain rate parameters D and p in the Eq. 2.1 
approximation were employed - the authors are unaware of better values 
for D and _p which experimental data could confirm for 6061-T651 aluminum. 
Also, remember that all of the predictions discussed thus far have 
utilized "illustrative stress-strain Fit A. Shortly, CB-18 predictions 
- which employ a corresponding stress-strain fit for the data of Ref. 21 
for 6061-T651 aluminum (the beam material) will be discussed. 
With respect to the predictions and comparisons given in Fig. 17 
for specimen CB-16, note that the predictions assumed that CB-16 re-
mained structurally intact throughout its transient response, whereas 
beam CB-16 fractured across its entire cross section at essentially the 
midspan impact attack station near its transient response peak at a 
time estimated to be between about 550 and 650 microseconds after initial 
impact. After through fracture occurs at midspan, there is rapid
..
unloading of the "membrane state" of the beam on both halves of the beam, 
this is seen most readily by comparing the measured strain trace on the 
upper surface at stations * - 1.50 in for CB-18 vs. that for CB-16. 
Similarly, the measured strain traces shown in Fig. 17 for specimen 
17B-16 depart progressively from predictions after about 600 microseconds 
from initial impact.	 - 
Recall that "illustrative stress-strain Pit A" was made from the 
uniaxial static tensile stress-strain data Cr vs Y of Ref. 19 by a 
piecewise linear fitting of the Ref. 19 data. Now for 6061-T65l aluminum, 
a similar data fitting has been made c. the data in Fig. 29a of Ref. 21; 
the resulting approximation is termed Fit B and is defined by the follow-
ing stress-strain pairs: (OT.Yjl) -(0 psi, 0 Win); (44,000 psi. 0.0044); 
(46,500 psi. 0.035); and (54,000 psi, 0.175), and serve to identify the 
quantities defining each of the three elastic, - perfectly-plastic sublayers 
of the associated mechanical sublayer model. The cited Ref. 21 data and 
the Fit B (as well as the points of Fit A for the Ref. 19 data) are shown 
•	 in Fig. 18. The piecewise linear Fit B was made to the Ref. 21 data 
shown on Fig. 18 whereas Fit A was made to similar data of Ref. 19 for 
a slightly different aluminum alloy condition. Note that although these 
fits were made to different sets of data, they are in reasonably close 
agreement with each other up to y values of about 5 to 6 per cent; be-
yond this level, these fits differ somewhat but are still close with 
respect to the accumulated areas under these curves. Hence, one would 
expect the transient response predictions from using the "more realistic" 
Fit B to differ only a. small amount from those obtained from using the 
previous "illustrative Fit A" for the conditions of either specimen. 
CB-13 or specimen CB-18. 
Predictions of steel-sphere-impact produced structural response 
for specimen CB-19 were made by using, as before, 43 equal-length 4 DOF/ 
node elements for the entire beam and stress-strain EL-SU Fit B. The 
resulting predictions of w-deflections and strains are compared with the 
earlier EL-SH Fit A predictions and with experimental measurements for 
specimen CB-IS in Fig. 1'. As expected, these two predictions are seen
to differ only slightly from each other; similar qualitative and quantita-
tive comparisons were r..ad at other spanwise stations (not shown). Hence, 
corresponding Fit B calculations were not made for specimen CB-13. 
-	 To illustrate the effect of a simpler approximation to the stress-
strain behavior of the aluminum material, an elastic, perfectly-plastic 
(EL-PP) approximation was employed wherein the-yield stress was taken as 
45,000 psi; this approximation, of course, involves, no strain hardening. 
Shown also in Fig. 19 are transient response predictions for specimen 
CB-18 when the EL-PP approximation was used. It is seen that these pro-
iictions for w (Fig. 19a) and for upper surface strain at x - 1.2 in 
(Fig. 19c) are in very close agreement with the previous Fit A and Fit B 
EL-SM predictions. Only at the midspan impact station x 0 (Fig. 19b) 
does the EL-PP prediction differ significantly from the earlier pre-
dictions; but here the predicted strains are larger than those for which 
the present analysis and computer code are valid. 
From the CB-13 and CB-18 comparisons of 2-0 predictions of impact 
induced transient and permanent strain as well as transient and perma-
nent w-displacement, it is seen that predictions agree better with mea-
surements for the more severely impacted CB-18 beam than for the less 
severely impacted CB-13 specimen. The former exhibits more Pronounced 
3-0 deformation, necking, and shear deformation than does the latter; of 
course, none of these effects are included in the 2-D predictions. Since 
specinlen.CB-13 behaves in a manner mere closely approximating that of the 
idealized 2-D prediction model than does CB-18, one would expect better 
agreement between CB-13 predictions and measurements than between CB-18 
predictions and measurements in regions of 2-0 response behavior, but 
this is opposite to the present findings. 
If one assumes that the 2-0 predictions will tend to overestimate 
the structural response for "gentle impact conditions" 'such as those of. 
specimen CB-13, a similar overestimate might be expected also for 
severely-impacted specimen CB-18. However, in the latter case, the more 
pronounced roles of 3-0 deformation, necking, and transverse shear 
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deformation would tend to produce larger structural deflections than other-
wise would occur; this tendency, therefore, would bring predictions and 
experimental measurements of beam response into closer agreement. This is 
in accord with the comparisons observed. However, the question of why the 
predicted 2-D impact-induced structural response is too large for cases of 
dominantly 2-D structural behavior remains to be answered adequately. 
An analogous situation was observed in the studies of Ref. 20 wherein 
2-D predictions were carried out for aluminum beams with clamped ends and 
which were "geometrically identical" to the CB-13 and CB-18 beams. Those 
specimens, termed CS-i. and C3-4, were impulsively loaded (161 by the sheet 
explosive loading technique (SELT) over their entire width and for a total 
spanwise length of 1.8 in centered at midspan; a uniform initial velocity 
of 6660 and 10,590 in/sec for beams CB-1 and CE-4, respectively, was in-
parted to each beam in the explosive-covered region. The 2-D predictions, 
for the more severely loaded CB-4 specimen are in better agreement with 
experiment than are those for the less severely impulsed CB-1 specimen. 
An assessment of the uncertainties associated with (1) the ex-
plosively-imparted impulse for the CB-1 and CS-4 specimens [16] and (2) 
the pre-impact steel sphere velocity for the CS-13 and CB-18 tests (161 
indicates that those uncertainties are far too small to contribute sig-
nificantly to the removal of the discrepancies between 2-D predictions 
and experiment for the "gently loaded" specimens
- CB-1 and CB-13. For 
example, for specimen CB-13, it was estimated that at worst the sphere's 
pre-impact velocity might have been 2400 in/sec rather than the 2490 
in/sec value cited in Ref. 16 from calibration firings tests. Shown in 
Figs. 20a and 20b are 43-element EL-SH Fit A predictions of transient 
and permanent deflection, respectively, for these two sphere-impact velocity 
values. It is seen for each calculation that the predicted permanent de-
flections exceed those measured. 
While greater strain-rate sensitivity than assumed and a greater 
energy absorption in the 3-D region near the impact -zon' (leaving less to 
be absorbed by the remaining structure in '2-D deformation)' would tend to 
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account for some of this overprediction, one cannot cite these as decisive 
factors. The inclusion of transverse shear deformation and/or the use of 
a larger number of the present finite elements would tend to increase the 
severity of the predicted response. Thus, as of now, a decisive quantita-
tive explanation for the cited discrepancies remains elusive. 
2.5 Comments 
2.5.1 Utility and Limitations of the 2-0 Analysis 
The prediction method under discussion applies to the large- 
deflection elastic-plastic transient structural responses of simple struc-
tures which undergo strictly two-dimensional (2-D) displacements when sub-
jected to fragment impact or to impulse loading, but only small to moder-
ate strains (< 10 per cent) are accommodated. The present analysis and 
associated computer programs do not take large strain conditions into 
account (properly); it would be timely and useful now to extend the analy-
sis to include large strain behavior but the time and effort required to 
accomplish this task is a matter for future consideration. 
The present 2-0 analysis of structural response to fragment impact 
pertains to relatively low speeds of impact in the direction of the normal 
to the surface of the impacted 2-D structure. Accordingly, transient 
structural response rather than through-the-thickness severe stress-wave 
response dominates; hence, under sufficiently rigorous impact attack, the 
structure can undergo severe deformations which results typically in a 
tensile-type fracture near the fragment impact point for a ductile metal 
target structure [12, 16, for example]. At these impact velocities one. 
does not observe (local stress-waveinduced) shear-plug failures .- which 
are commonly seen for much-higher-speed impacts 1311. 
The present analysis assumes both the target structure and the im-
pacting fragment to act in a strictly 2-0 manner. Conceptually, this in-
plies that the structure is a narrow beam or ring and that the attacking 
fragment has the same geometry at all stations in a plane parallel to the 
"spanwise axis" of this impacted structure; in particular, the attacking 
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fragment is idealized as consisting of a non-deformable solid circular 
cylinder which extends 'across the entire width of the beam or ring. 
clearly, this idealized model does not match the physical conditions 
present in the steel-sphere-impacted beam experiments used 
"to assess the 
accuracy" of the present prediction method: the fragment is not a 2-0 frag-
ment and the observed structural response behavior is not strictly 2-D in 
character; thus, 'a rigorous theoretical-experimental, comparison cannot en-
sue. However, with recent improvements (32] in the experimental techniques 
and apparatus for conducting small-scale impact experiments having the same 
scope and-objectives of those of Ref. 16, it is now feasible to conduct 
similar beam impact experiments with a solid cylindrical 2-0 fragment rather 
than the one-inch diameter steel sphere employed in the Ref. 16 experiments, 
and thus to obtain more nearly 2-D structural response data for impacted 
simple structures. 
Clearly, the present 2-D analysis is inherently incapable of pre-
dicting the 3-0- deformations expeóted and observed to have occurred in a 
region centered about the "impact point" in steel-sphere-impact speci-
ments CB-13, CB-18, and C3-16. For the 2-0 predictions, the idealized 
fragment was defined to be a solid 2-D cylindrical fragment of one-inch 
diameter and to have the same mass and impact velocity as the steel sphere 
in each case. Note that the present 2-0 43-element. EL-SH predictions for-
the peak strain at the midspan impact station - (x 0) for cases CB-18 and 
CB-16 is about 16 per cent and 16.4 per cent, respectively; these 2-0 
predicted strains exceed the range of validity of the present analysis 
--	
formulation and computer code implementation and may be very different from 
tbe actual peak extensional, strains which are present in the clearly 3-D 
deformation region there. Experimentally, both beam CB-18 and beam CB-16 
are close to the rupture threshold for these 3-D deformation conditions 
of strain and stress; a reliable quantitative characterization of the 
biaxial or triaxial strain state to define this rupture threshold for this 
6061-T651 aluminum material is lacking. Severe necking of the material 
near the fracture station of specimen CB-16 is evident. It is uncertain 
also at which extensional strain level one would observe threshold rupture 
.	 -	 --	
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.1 of the 6061-T651 beam if a strictly 2-0 fragment attack were actually per-
formed; in this case also, the 2-0 deformation state would be violated by 
the presence of necking which is of 3-D nature (and which precedes rupture). 
Thus, the present Strictly. 2-0 prediction method and code cannot be 
used, except as a (recognizably) rough indicator of threshold rupture. 
- That is, one might select
	
.0.164 (or 16.4 per cent) corresponding to 
the CB-16 prediction as the "rupture threshold" for 2-D structures com-
posed of the present 6061-T651 aluminum material, when the spanwjse direc-
tion of the structure is aligned with the plate-roll direction of this alumi-
num stock (as was the case for beam specimens CB-13, C8-16 and CB-18). One 
might use this rough criterion to estimate for a 60614651 
aluminum ring, the 
ring thickness necessary to contain a given energy level of attack by 2, 3, 
4, or 6 etc. equal-size idealized fragments of given size. While experiments 
are necessary as final confirmation of the required containment ring thick-
ness, the av
ailability of this prediction scheme should reduce substantially 
the scope and number of the necessary 
confirmation experiments In this 
sense, the present 2-D prediction method can, in spite of its inherent 
limitations :
 serve as a useful parametric analysis and preliminary design 
tool for 2-D type fragment containment and/or deflector structures. 
2.5.2 Modeling and Analysis Considerati 
Let it be assumed that: 
(a); a specific 2-0 type structure is to be subjected to impact 
by a 2-D fragment as accommodated in the CI"-JET 4B corn-
Puterrograrn, 
(b) the-
uniaxjal static stress-strain curve of the struc- 
tuzal material has been specified and fitted by piece-
wise linear segments for use in the mechanical sublayer 
model (also that values are specified for the strain 
rate parameters D- and p), and 
(c) the size, mass, and kinetic energy of each attacking 
fragment are given. 
The next matter to be considered is the selection of the number and 
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size of the finite elements to be used to model the structure. The elements 
must be numerous enough and of small enough size: (a) to provide a con-
verged solution at least in an engineering sense and (b) to accommodate with
	 - - 
reasonable accuracy the "physically plausible" impact-affected effective 
length region -.2L eff 4h of the impacted structure to which momentum is 
transferred during a single fragment impact. The latter means that the 
length of each finite element near an impact station should not exceed 
about 2h (i.e., twice the thickness); otherwise, the collision-imparted 
velocity increment to impact-affected zone of the structure will become 
implausibly small and the resulting predicted response will be less severe 
than realistic in this region.
	 - 
Further, if one has a structural configuration or arrangement 
wherein it is apparent that important levels of strain will be present 
and will be changing rapidly with spanwise location, relatively many short-
length elements should be used in these regions to model the behavior there 
properly, whereas fewer larger-size elements could be used in regions of 
spatially slowly changing strains. However, as pointed out earlier (Sub-
section 2.2; also see Section 3), if one is considering a containment ring 
which may be impacted by fragments at many locations (which may also change 
-as time progresses) around the pe
, the clearly-logical choice is to 
use only equal-length elements. 
If one uses CIVM-JET 4B which employs the timewise central differ-
ence operator, the solution time step size At must be chosen to be 
(tt)max < 0.8(2/wmax
	 max 
) where w
	 is the maximum natural frequency of the 
mathematical model of the structure for linear iiavior. One finds that 
for a given total number of 4DOF/node finite elements, the smallest w 
- max 
occurs when equal-length elements are employed; this, in turn, permits the 
largest allowable At to be used for avoiding computational blow-up. The 
same number of nonuniform elements will require one to use a smaller At 
(and hence to incur more computing expense) in order to avoid computa-
tional disaster.	 In most cases, therefore, the use of equal-length
 
*
Alternatively, one can employ a larger At while avoiding blow-up of compu-
tational roundoff error by using a different type of timewise finite-differ-
ence operator (see Subsection 2.5.3). 
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elements to model the structure will be advisable. 
.
As described in Refs. 4 and 17, the approximate impact-inter-
action_model employed makes use of impulse-momentum and energy consider-
ations to predict the momentum transferred to the impact-affected portion 
of the structure from each impact by a fragment. -The structure, in turn, 
has been represented by finite elements whose mass matrix properties are 
evaluated from kinetic energy expressions using an assumed velocity dis-
tribution in each element consistent with this basic assumed displacement 
field of the element; accordingly, the resulting mass matrix is called the 
"variationally consistent mass matrix' - this is a symmetric non-diagonal 
matrix. Reference 17 explored the use of this no
	 mass matrix 
for these "momentum transfer" calculations and encountered erratic be-
havJor (see Ref. 17 for further details) hence, a diagonalized mass was 
constructed (173 and led to plausible behavior. Thus, the CIvM-JET 4B code 
(43 has utilized a diagonalized mass matrix model for the momentum trans-
fer calculations. Finally, the momentum transfer prediction can be 
carried out by assuming-the local impact to be perfectly elastic, per-
fectly inelastic, or intermediate between these conditions by assigning 
as input a value for the coefficient of restitution e of, respectively, 
e 1, e a
 o, or 0 < e < 1; the Ref. 17 studies show results for various 
e values and conclude that the perfectly-elastic case e 1 is the most 
reasonable engineering choice for most of the types of low-speed impact 
conditions under consideration here. The user of CIVM-J 4B, however, 
can-specify any value of e (0 < e < 1) as he wishes. 
2.5.3 Use of CIVIl-JET 48 versus CIVZl-J53 
Both of these computer programs permit one to predict the large-
deflection, elastic-plastic transient responses of 2-0 structures which are 
subjected to low-speed impact attack by one or more ideali zed • fragments. 
CIVIl-JET 4B is restricted to the analysis of single layer (single material) 
structures and employs the timewise central difference-operator for the 
transient solution calculation, whereas CIVIl-JET 53 can deal with multilayer 
m
ultimaterial 2-0 structures and uses a different timewjse finite-difference 
operator (the Houbolt operator) for the tinewise solution. This latter 
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.• operator is unconditionally stable and thus permits one to use a very large 
time-step size, if desired, without encountering computational roundoff 
-error blow-up; this "advantage" was the principal motivation for the 
adoption of the HoubOlt operator in CIVM-JE!r 5B. However, the occurrence 
of impact and the attendant accounting for the impact-Imparted velocities 
to the "locally affected" portion of the structures results in effectively 
changing the timevise operator at and for a short time following each in-
pact from the Houbolt operator to an operator which is no longer uncondition- 
ally stable (10]. Theefore, the allowable At is also restricted although 
not as severely as in CM-JET 4B. 
Some elaboration on this "correction for impact" matter follows. The 
CIVM-T 4B program calculates the exact time of contact between the frag-
ment and a local region of the impacted structure. This time will always 
occur at some sub-time increment which is smaller than the time-step size 
employed for the solution procedure. The use of the central difference 
operator allows an accurate correction to be applied to the structure during 
the remaining portion of the time-step increment. These corrections are 
done in a manner which allows a correct distribution of energy and momentum
 
in the system even though a "nonuniform time step" has been employed. The 
Houbolt operator will not advance the solution properly if a nonuniform time 
step correction is imposed; hence, a different impact interaction procedure 
had to be introduced. The CIVM-JET 5B program performe an "approximate 
time of contact correction" to the structure displacement field; an in-
pact is detected to have occurred within, a time step by noting the presence 
of an overlapping of the fragment and the structure. The corrections are 
then applied in CIVM-JET 5B as though the initial contact occurred at the 
beginning of the time step. A response prediction iteration is then per-
formed at this time to guarantee a complete correction, and then the struc-
tural response solution continues through time until another fragment-
structure overlap is encountered. Since the applied impact-interaction 
model in CIVM-JET 5B is an approximation of the model used in CM-JET 4B, - 
a comparison between the two solution techniques should prove useful for 
future impact-interaction models. 1t should 	 noted that the "exact time 
-	 36	 ..	 .	 . -.
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of contact" solution gives a more "realistic" analysis of the impact-inter-
.
'action, but it becomes very time-consuming as' the number of- 'elements used 
to model the impacted structure increases. Incidentally, the application 
of this "exact time of 'contact" impact-interaction solution technique 
when using plate elements (10, for emp1e) for analyzing plate or panel 
response to fragment impact would be prohibitive. 
Another factor that influences.;the largest allowable At in CIVM-
•	 JET SB is the' fact that the Houbolt operator is of implicit type; there-
fore, the internal forces associated with large deflections and plastic 
behavior depend upon the solution being sought. These terme, hence, 
have been approximated by extrapolating linearly from known solutions at 
the immediate two earlier time instadts without iterating to convergence 
within each time step. Therefore, these pseudo-forces may become pro-
gressively less and less accurate particularly if large At time steps 
are used. 
Since CIVM-JET SB requires much more storaae and computing for each 
time step of calculation than does CM-JET 4B, to be cost competitive 
with -4B, one must use for -5B a at at least 4 times larger than the 
allowable at for CIVM-JET 4B. Note that CIVM-JET 4B uses the unconven-
tional fore of the equations of motion while CIVM-JET 5B employs the 
equations of motion in their conventional form which involves more computing 
per time step; both of these formulations (4, 5, 171 are given concisely in 
Appendix A for the reader's convenience. 
Figure 21 compares for the CB;-18 experiment predictions of .the cIvi 
JET 4B and CIVil-JET 5B computer programs using the EL-SB Fit A material 
model and 43 equal-length finite elements. The predictions for the CM-
JET SB model are given for two time step sizes: At 0.5 usec and At- 2.5 
1.isec. The first time step size is identical to that used in the CIVM-J'ET 4B 
calculation which uses the central difference temporal operator. The second 
time step size represents the point at which the CM-JET SB model becomes 
cost effective compared with the CIVil-JET 4B model.  
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Piedictions are plotted for four spanwise locations (x - 0.0, 0.6, 15, 
and 3,7 in) which include the impact region, the mid-region which is 
dominated by 2-D deformation, and the region close, to the clamped boundary. 
In each region the solutions are qualitatively similar to each other; for 
engineering purposes these are also quantitatively the same. 
A CIVIl-JET 53 calculation was carried out by using a At size which 
was about 10 times that permitted by the central difference method used in 
CM-JET 48; this solution exhibited instability when impact and correc-
tion was encountered for the CB-18 example. It is;not known for the C3-18 
conditions the largest At permissible for well-behaved calculations when 
CIVIl-JET 53 is used; .4 times and 10 times larger At than permissible for 
CM-JET 43 showed, respectively, well-behaved and unstable behavior for 
CIVIl-JET 58 calculations. 
The Houholt operator as employed with the CIVIl-JET 5B impact 
modeling is seen to be an alternative solution technique to CIVIl-JET 4B, 
but care must be exercised that a cost effective time step be determined 
•	 without encountering a region of instability. 
The CIVM-JET 53 program was not used in further impact correlations 
and studies performed in this report. The 5B program compares favorably 
with the 4B program for predictive accuracy; however, the CIVIl-JET 4B pro-
gram had been exercised for a longer period of time and has provided 
plausible results for several impact-interaction modelings. These con-
siderations led to the decision to study jet engine impact problems and 
the impact-interaction parameter variations (see Section 4) with the 
CIVIl-JET 48 program. 
The preceding discussion has dealt with the principal considera-
tions for deciding whether to use CIVIl-JET 48 or CIVIl-JET 5B to predict 
impact-induced transient structural responses of 2-D beam and/or ring 
structures. Either code can be used to analyze single-layer structures 
but only CIVIl-JET 5B can be employed to analyze multilayer, multjmaterjal 
structures. Earlier it was pointed out (see also Subsection A.2 of Ref.4) 
that a diagonalized mass matrix modeling of the structure is needed for 
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the prediction of momentum transfer from the fragment to only the trans- - 
lational degrees of freedom of the impact-affected region of the struc-
ture. Now, some discussion is given of various available choices for this 
diagonalized- mass matrix modeling, and their consequences. 
- First, recall that the present beam and/or ring finite elementS-
have 4 DOF/node; these are the in-plane and normal-direction transla- 
tional displacements v and w, respectively, and the "extension" x and 
"rotiion" r, (see Appendix A and Pig. A. 1). In deriving the mass matrix 
for a single finite element from the kinetic energy expression or from 
the Principle of Virtual Work, one obtains a non-diagonal mass matrix 
termed the "variationally consistent mass matrix"; one obtains mass matrix 
entries on the diagonal associated with each of the 8 DOF's (4 at each 
end), as well as the off-diagonal "mass coupling" terms i, The use of the 
consistent mass matrix as well as a mass matrix diagonalized in various 
ways has been studied (17, 33-361; both types of matrices are used 
widely with reasonably similar transient-response results. Where feasible. 
or where considerations such as impact-induced momentum transfer calcula-
tions are needed, the computationally me:e efficient diagonalized mass 
matrix is preferred. Further, it was found that the predicted transient 
responses of 2-D structures to transiently applied loads when a diagonal 
mass matrix was used were affected only slightly by different choices 
for the diagonal entries associated with the non-translational .4egrees 
of freedom of the element as long as the diagonal entries associated 
with the translational degrees of freedom of the element were kept the 
same (17, 33-361. 
For the case of single-layer structures of uniform thickness. one 
can readily define the diagonal mass matrix entries associated with the 
translational degrees of freedom v and w, at each node: this is simply, 
one-half of the mass of the element. The choice of the proper" diagonal 
mass matrix entries corresponding to the non-translational tjs and X de-. 
grees of freedom at each node is less apparent; these entries, however, 
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Eare generated automatically in the consistent mass matrix calculation. For 
a beam element which consists of several variable-thickness layers of dif-
ferent_material , the "intuitive selection" of even the "translational en-
tries" in a fully diagonalized mass matrix becomes a much more diff i-
cult and complex undertaking; however, the calculation of all of the mass 
matrix entries in the consistent mass matrix remains very simple and automatic. 
Therefore, it is convenient and natural to ask how one might select a diagon-
alized mass matrix by making use of the automatically-generated consistent mass 
matrix. This matter has been explored by Key and Beissinger (33], dough 351, 
and Hinton 1361; there is general agreement on the selection of those entries - 
associated with the translational degrees of freedom,1--at various selections 
have been suggested for the diagonal entries associated with the remaining 
degrees of freedom. 
The approach suggested by Key nd Beissinger [331 and by Hinton 
(361 may be summarized as: the procedure of lumping (mass matrix 
diagonalizatiOn) recommended in view of the infinite possibilities is to 
compute the diagonal terms of the consistent mass matrix and then to scale 
these terms so as to preserve the total mass of the element; that is, so 
that the sum of the mass entries at both ends of the element for each 
translational degrees of freedom shall equal the total mass [361. A 
similar procedure has been proposed by Key and Beissinger (33] : the traris-
látional entries for the diagonalized mass matrix are determined from-the 
consistent mass matrix by adding the corresponding off-diagonal transla-
tional term to the diagonal. term -- this does result in identifying the 
total beam mass as the sum of entries- at each end of the-element for a 
given translational DOF. However, no clearly superior means for choosing 
the non-translational entries for the diagonalized mass matrix from the 
consistent mass matrix is apparent. One possibility suggested by Fey and 
Beissinger is that these non-translational diagonal entries be scaled 
from the consistent mass matrix so that the highest natural frequency is 
matched with the highest natural frequency of the structure modeled with 
consistent mass (end stiffness) matrices. Since no clearly superior 
transient response results are demonstrated -for such: a choice and since 
. 
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t natural frequency would impose the the preservation of the same larges  
same At limit if one were to compute the transient structural response 
by using thetimeWiSe central-difference peto, this is regarded as an 
unattractive choice. Instead, a plausible choice for these non-transla-
tional entries of the diagonaliZed mass matrix is desired such that the

	
highest natural frequency of	 modeled structure becomes "as low as modeled
 
possible" -- this would have the effect of increasing the permissible 
time step size At for central-difference operator calculations, with no 
detrimental effects when one employs an implitit timewise operator such 
as the Houbolt operator. 
Three candidate mass-matrix diagonaliZiflg schemes are considered 
here. These are described concisely in the following. For clarity, 
consider a single jnitiallystraight beam element with the following 
4 degrees of freedom (q) at each end: 
End 1 (or Node 1) 	 End 2 tor Noce', 
•
q7=qi 
3	 an 
	
_av	 - 
	
q4X.	 q8X 
•	 Mass Matrix DiagonaliZation Method 1	 _ 
•
	
	
This is an "intuitive engineering method" whih can be used readily 
only for single-layer elements of either constant or linearly-Varying. 
thicJaeSS. The sametranslational masses are assigned to DOF' s q 1 and 
and another value to DOF' s q5 and q6; the sum m11 + m55 m22 
+ m66 = 
total mass of the beam. NontranSlati0nal DOF's q 3 and q4 are assigned 
m and m as being the same "estimated effective rotary inertia" for 33	 44
the beam; a similar assignment is made for m7 and a88 . 
See Appendix A 
of Ref. 4 for a fuller discussion- Concisely, these diagonal mass -matrix 
entries are (non-diagonal entries are all zero): 
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1. 
m11 - m22 -
	
+ h2 )bpL (1 - C1). 
rn66 2 (h1 + h2 )b1p2. C1 
m33 m44 C2 13bp(1 C1) 
3, 
m77 m 8 C2 £ bp C1 
where the thickness-dependent constants C1 and C2 are given by 
(2h2 + h1) 
C1	 3(h14h2) 
h+4h1h2
2
+h 
C	 36(h1 + h2) 
In these expressions p is the mass per unit volume of the beam element, 
b is the width of the beam, £ is the length àZ the beam element and 
and h2 are the thickness values for the beam at ends 1 and 2, respec-
tively. For present purposes, this description is considered to be 
adequate; see Ref. 4 for further details. 
Mass Matrix Diagonalization Method 2 
This method defines a diagonal mass matrix m. by using the 
entries already computed from the consistent mass matrix m. j l as 
follows:
D	 .0	 .C. 
1fl]•] • m11 + rn15 
D	 C	 C 
m22 rn22 +rn26	 . 
D.0	 D	 C 
m 
-rn"' 
m	 m 
D	 C	 C 
•	 m55m55+m51 
D	 C	 C
rn66=m66+rn61 
•	 D	 C	 D	 C. 
M 77 = m77	 rn88 = m88
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Hence, this method is readily applied to nzultilayer, multimaterial van-
able thickness structures. 
Mass Matrix Diagonalization Method 3 	 - 
This method is similar to Method 2, being different only with 
respect to how the non-translational degree-of-freedom entries m areii
 calculated. All diagonalized mass matrix entries are calculated by the 
rule
	
D	 C	 C 
m -m..+ 
	
i	 m 
	
i	 ii.	 jj+4 
Hence,	 - 
D
	
	 C	 C	 D	 C	 C
-mll + M14 in55 - m 5 + in51 
D	 C	 C	 D	 C	 C 
	
in22 - m22 + in 26	 in66 - in66 + in62 
D	 C	 C	 D	 C	 C 
	
rn33 in33 + in37	 in77 - m7. + m73 
D	 C	 C	 D	 C	 C 
	
in44 - m44 + in48	 in89 - m88 + in83 
These three mass matrix diagonalizations as well as the consistent 
mass matrix were used to calculate the maxirn natural frequency of 
clamped-ended beam CS-4 when modeled with twenty 4 DOF/node elements per 
half-span ----imposing symmetry conditions at midspan. The results are 
as follows: 
-	
w	
-(st) Mass Matrix	 max	 cr- w 
•	 (rad/sec)	 (Usec) 
	
• Consistent	 .7678xl07 -	 0.26	 - 
	
Diag. Method 1	 .2165x107	 0.92	 - 
(Intuitive) 
-	 Diag. Method 2	 - .4210x107	 -	 0.47 
	
Diag. Method 3	 .9874x107-	 0.20 
Since only diagonalized mass matrices are employed in the calculations of 
structural response to fragment impact, it is seen that Method 1 permits 
	
- -	
the largest allowable At to be used if one were to employ CIVM-JET 4B 
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which uses the :central difference timewise operator; however, Method 1. has 
been developed only for single-layer elements. Hence, for multimaterial, 
multilayer variable-thickness elements, Methods 2 or 3 could be used; of 
these, Method 2 appears to be the. preferred choice since it will permit the 
use of a larger At than will Method 3. 
Some further comparisons are given in Table I for some predictions 
of large elastic-plastic transient response of-impulsively-loaded beam CB-4. 
The half span was modeled with 20 equal-length 4DOF/node elements, the 
EL-SB Fit A stress-strain behavior was used, and a uniform lateral velocity. 
of 10,707 in/sec was applied to the center node and to the next four 
nodes. Shown in Table 1 are predicted quantities (maximum Gaussian sta-
tion strain, maximum nodal strain, elastic energy, kinetic energy, plastic 
work, and midspan w-displacement) at 100 i see after the (sudden) initial 
velocity was applied -- for the use of: (a) the consistent, (b) the 
Method 2 diagonalized, and (c) the Method 3 d.iagonalized mass matrix. 
It is seen that the response quantities predicte at t a 100 usec are 
close in all three cases; the two predictions which utilize the diagon-
alized mass matrix are very close to each other. Hence, it is recom-
mended that until better mass diagonalization schemes are developed, 
Methods 1 and 2 should be adopted where applicable. These are the 
methods employed, respectivey, in CIVM-JET 48 and CIVM-JET 5B. 
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. SECTION 3 
	
CONTAINMT-RING RESPONSE TO T58 TURBINE
	 S. 
ROTOR TRI-HUB BURST ATTACK
	 S 
3.1 Problem Definition -
	 S 	 S 
In the spin-chamber - facility of the Naval Air Propulsion Test Center 
(NAPTC) rnm*rous experiments have been conducted wherein various types of 
actual and simulated engine rotors have been rotated at high rpm and caused 
to fail in various ways. High-speed Dynafax photographs nominally at 
35,000 pictures per second have recorded the sxtions of the resulting frag-
ments and:thejr impact and interaction with a variety of containment-ring
	
S 
structures (12-14 and 37, for example]. Some of these containment rings 
were of single-layer construction; others were of multilayer multimaterial 
construction. In some cases, strain gages were applied to the containment 
ring, and the resulting transient strains and permanent strains were recorded. 
Selected for discussion and analysis in this section of this study 
is NAPTC Test 201 (13,14] in which a 4130 cast steel *
 containment ring of 
0.625-in thickness, 1.50-in axial length, and 15.00-in inside diameter and 
weighing 12.83-pounds rested horizontally on smooth support wires and en-
circled a T58 turbine rotor which was caused to fail in 3 equal 120-degree
	 S 
segments at about 19,859 rpm and to impact against this steel containment 
ring. Circumferentially oriented strain gages were attached to the ring 
at- various circumferential locations ,
 at the ring's midwidth position. 
Transje j trains were tape recorded for 10 such gages; transient strains 
from 4 of these 10 gages were also photographically recorded from swept 
oscill . ope displays. In addition after the test, permanent strains indi-
cated by the four gages which survived intact were recorded. 
Given in Table 2 are the weight and geometric data defining the con-
tainment ring • the rotor-burst fragment properties, and the test conditions 
for MAPTC Test 201. Note that the I.D. of the ring was 15.00 inches while 
*
From NAPTC's ACIPCO 2 billet (141.
	
- 
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the O.D. of the T58 turbine rotor was 14.00 inches; this 0.5-in clearance 
between the ring and the blade tip is untypically large but was selected to 
• permit better-photographic-clarity--and-definition.- Each fragment consisted 
of a "120degree" sector of the rim with 17 attached blades; the distance 
from the axis of rotation of the rotor to the CG of the fragment was 
2.797 inches. At the rotor burst rpm of 19,859, the translational velocity 
•	 at the CC of each fragment was 5816.7 in/sec while the blade-tip speed was 
14,557.2 in/sec. The resulting total kinetic energy of the 3 released frag-
ments at burst was 908,820 in-lb, of which 476,766 in-lb was translational 
and 432,054 in-lb was rotational. Hence, each fragment at burst had 
nominally 158,922 in-lb of translational and 144,018 in-lb of rotational 
kinetic energy. 
Shown in Fig. 22a is a schematic of the T58 power turbine rotor modi-
fied to undergo a tn-hub burst, and Fig. 22b shows a sketch of a typical 
fragment before impact. A photograph of one of the 3 fragments after the 
test is shown in Fig. 22c. The quality of the Dynaf ax photographs (taken 
•	 at 35,000 pictures per second) of the impact of the 3 fragments and their 
interaction with the ring happened to turn out, unfortunately, to leave 
much to be desired; however, shown in Fig. 23 are a few sample photographs: 
(a) pre-test, (b) after rotor burst but before impact of the fragments with 
the ring, and at about 200, 514, and 1286 microseconds after initial impact 
-	 in parts (c), (d), and (e) respectively. Figure 24 shows the permanently 
deformed containment ring; note that position marks have been provided at 
5-degree intervals along the ring's midthickness location. Also shown in 
•	 Fig. 24 is the post-test condition of the 3 attacking fragments. Note that 
only one of the fragments still possesses many of its original blades. The 
Dynafax pictures obtained show that this denuding occurred late, after the 
fragments fell by gravity below the plane of the containment ring and sub-
sequently struck the heavy steel sides of the test chamber, resulting in 
greatly enhanced "fragment damage". Of course, very severe deformation and 
curling of many blades of each fragment can be seen to have occurred while 
•	 the containment ring is still suffering the impact attack. This attack con-
tinues until well after the peak response of the containment ring has been 
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reached; only later do the fragments "escape the ring" by falling below 
"the containment plane". 
Figure 25 indicates the circumferential locations of strain gages 
which were --used-to-measure-transjeit and permanent strains on the outer cur-
face of the ring. These locations are defined by stations 1 through 72 
marked at 5-degree intervals around the ring; station 1 is assigned 0 0 0
 , 
station 5 represents 0 - 200, etc. Note that permanent strains, as follows, 
were obtained from intact strain gages after the test at only four locations: 
Station	 O(deg)	 :iPermanent Strain(%) 
	
9	 40	
-0.95 
	
13	 60	 - 3.23 
	
33	 160	
-1.07 
	
37	 180	
- 3.31 
Static uniaxial tensile stress-strain measurements for coupons of 
4130 cast steel from NAPTC's National Forge billet were supplied (141; 
these data were analyzed and used for the theoretical analysis of NAPTC 
Test 201 since according to Ref. 14 the Test 201 ring material is almost 
identical to that of the National Forge billet. Accordingly, these stress-
strain data were approximated by piecewise linear segments defined by the 
following stress-strain (a,c) pairs: a,c = (0 psi, 0 in/in);(80,950 psi, 
.00279); (105,300 psi, .0225); and (121,(00 psi, .200). This a,c fit is 
used- in the mechanical sublayer material-behavior model and is referred to 
as elastic, strain-hardening (EL-SE). When strain-rate fects are taken 
into account, the perfectly-plastic yield stress of each (kth) mechanical 
sublayer for strain rate £ is taken to be that given by Eq. 2.1. Since 
measurements have not been made of the strain-rate dependence of the a,e 
behavior of the steel used in the NAPTC Test 201 ring, it has been assumed 
that its strain-rate dependence is approximately that of mild steel (25] 
for whichD = 40.4 sec 1
 and p = 5.
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3.2 Ring Modeling and the Effects of Ideal ire d-Fragm 
Size and Friction 
In order to analyze the-transient-structural response of the Test 201 
steel containment ring to tn-hub otor-
.burst attack with the 61VM-JET 413 
computer program (4], it is necessary to represent the ring by finite ele- 
ments of suitable number and size. Since as the impact attack Proceeds, 
each fragment could conceivably perform a 
sequence of impacts with the impact 
•	
point" for each fragment moving circumferentially .long the ring and also ini-
tial impact by each fragment might occur at any Circumferential location, uni-
f
orm-length ring finite elements form a logical modeling choice. Further, 
the present version of CIVM-JET 48 accommodates a maximum of 50 elements; 
hence, the largest number of elements which can be used and is also 
divisible by 3 (since a 3-fragment "
	
	
evenly 
simultaneous" impact attack is involved) 
is 48 elements. Each element, therefore, subtends a 
7. 5-degree sector. In addition, Cons
iderable previous experience (3, 171 in the finite element 
analysis of rings subjected to intense loads over either a small or an ex-
tended circumferential region indicated that this size choice will permit 
one to obtain "converged transient response predictions" for large-deflec-tion elastic-plastic 
structura l behavior. AccOrdingly, 48 cubic-cubic Bernoulli_Euler ring finite elements were used to 
model the containmen t ring. This number of elements also Provides a close 
approximation to the ring's actual geetry ill
-the idealized impact portion of the CIVM-JE.1' 48, •	 analysis and code. 
In the present effort, a supplementary 
convergence study was carried 
out. For this study a circular arch (or beam) covering a 60-degren arc, 
having both end_ pin
ned-fixed and having a width of 1.50 in, a thickn 
0.156 in, and an inner-surface radius of 7.50 in was used; this
	
ess of
 structure 
was subjected to a step-function radial outward 
concentrated load of 7,000 
Pounds at the midspan location and lasted for 150 
microseconds The stress-strain behavior of the 
aluminum material was assumed
.
 to be that identified Previously as Fit A EL-SE-SR. The entire 60-degree Structure was mndeled by 6, 10, 14, 18, 22, and 30 equal
-length 4]DOF/node curved beam elements, and 
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F,
•	 the associated lar4e-deflej0 elastic-plastic transient response predic-
tions were carried out by using the JET' 3A computer program of Ref. 3; 
this program employs the timewjse central, difference cperatr. Summarize d in Table 3 for, each of these medelings are: w, 2/c a, 0.8(2/u) themaxAt -actually used, and values calculated at t - i5 
microseconds for (1) the
max 
- midspan radial d.isplacnt w and (2) the total work input to the bean by 
the 
applied loading (at t - 150 Usec that applied loading has just termi-
nated). Transient response predictions 
 
30
-element modeling in Fi
	
are compared for the 6, 10, and 
g. 26; Pig. 26a shows the midspan deflection w 
versus time, while Fig. 26b illustrates the predicted Outer-surface strain 
time histoy at the qua
rter_span station (15° from-nidspan) Note that foz this rather severe concentrated-load example, these illustrated predic-
tions appear to have converged at least in an 
engineering sense* when lo or more equal-l
ength elements are used; that is, the results noted when 10, 
14, 18, 22, or 30 elements were used were very close (peak 
deflections and 
strains are within about 3 to 5 per cent of a mean) to each other. Of these 
examples, only the 6-element case indicates 
convergence has not yet been 
achieved. Eased on the study of Ref. 17 which demonstrates 
convergence of the tra
nsient solution for a forty-element complete ring, the above study 
which shows convergence for ten elements per sixth ring, and cost con-
straints (a function of the total number of degrees of freedom), the forty-
eight eq
ual-length element mesh for the complete ring was deemed 
acceptable for the t.ri-hub rotor burst analysis.
	
-. 
An examination of NAPrc Dynafax P hotographs of T58 turbine tri-hub
 rotor burst - attacjc against single_layer steel containment rings reveals that 
shortly after initial blade
-ring- impact j the impacting blade begins to de- 
form and curl; additional blades on thè same fragment subsequently impact the 
ring and also curl. As this impact/interaction Progres, each of these 
bladed-disk fragments applies a load of contiva.l'ly changjg distribution and magnitude to the ring in
cluding frictional forces; of course, the ring 
applies equal and opposite loads to the blaed_djsk ' fragment. Thus, the geometry of each bladed-disk fragment changes rapidly and dramatically with time at least until the maximum response of the containment ring has been 
Also, the 22-element results were almostfldistingu,j5 predict ions.	 15 from the 30-element 
-
reached. Similar changes continue there 
dramatically.
	
after but more slowly an 'less 
As noted earlier, a detailed aCcounti.ng and following of the do-
formation of just one blade is a formidable task; hence, following the do-
f
ormation behavior of the 17 blades on each of these-3-bladed-jj& frag- 
ments representa a task which is impractical comp
utauoniy at present. 
Thus, it is usefj to employ idealized bladed-disk 
fragments each of which 
• consists of a rigid circular disk of properly
-selected diameter. Each idealized fragment shall have a mass and a 
mass moment of inertia equal to those of 
the initially-released bladed-disk fragment itself; requjr.. 
ing that the idealized fragment have a CG-translational velocity and rota-
tional velocity at "release" equal to those values for the actual fragment 
will insure duplicating the attack kinetic energy of the fragment-for both 
translation and rotation. Further, one can account for a fixed coefficient 
Of friction p between the fragment and the ring by 
employing an appropriate 
value for p in the CrM-JET 43 program. 
An examination of the basic dimensions of each 
undeformed bladed 
disk fragment (Pig. 22b) as well as plausible estimates of the prole 
state of severely
-deformed bladed disk fragments of this type led to the 
following estimates of idealized fragment radius r f : (a) minimum of 2.555 in, (b) maximum--of 4.20 in, and (c) an "intermediate' s
 value of 3.60-in. The - 
minimum value- represents the rigid-disk part of the bladed-disk fragment 
Plus a small additionar region en
coassing severely curled blades. The 
maximum for extreme) idealized radius selected u.s between that necessary 
to circ
umscribe the greatest and the least lateral dimension of the unde-
formed fragment. Since the energy absorbed in blade curling is relatively 
small, the attacking fragment will still Possess perhaps 95' per cent of 
•
	
	
its pre-impact kinetic energy when half of the 17 blades have curled over

in a region outboard of about r 4.06 in measured from the rotor shaft 
axis. Hence, although the actual impact attack begins at first-blade 
touching, the "serious impact attack" upon the 
containment ring comes much 
later when the blades have curled over against each other and against the
'outer rim àf' the disk part of the fragment. At 'this stage the '"effective 
radius" of the attacking fragment is approaching the cited "minimiii,i plausible 
value" of rf M 2.555 in. These choices are depicted schematically in Fig. 27. 
The use of an implausibly-large idealized rigid circular fragment 
would clearly constrain the containment ring and unrealistically limit the 
amount of its deformation in the impact/contact region of each fragment. 
On the other hand, the physical diuinions of the rigid disk portion of the 
fragment and the region 'occupied by severely curled over and mutually con-
tacting blades make the choice of an r f smaller than choice. (a) to be clearly 
illogical. - Hence, for 'a severe threshold-containment type of fragment attack, 
one expects that the use of an idealized fragment of fixed r f & 2.555 in 
would result in a quite reasonable prediction of the maximum response of the 
ring; however, it is impossible physically for this type of idealized model 
to give a reasonable approximation of the actual transient response history 
of the containment ring - actual impact will occur much earlier and, 
initially, much more gently than for the idealized fragment. 
Figure 28 depicts the geometric test and modeling data for the 4130 
steel containment ring subjected to tn-hub T58 turbine rotor burst in NAPTC 
Tet 201. The ring is represented by 48 elements and EL-SH-SR material be-
havior is taken into account. Three equal-size idealized fragments are used; 
all three fragments are assumed to impact initially simultaneously at equi-
distant circumferential locations.	 --
The effects of idealized-fragment sizö can illustrated most conveni-
ently perhaps by comparing the extreme deformed-ring configuration for each of 
these 3 cases, as shown in Fig. 29a; the time at which that extreme deformed 
•	 'state occurs is different for each of these 3 cases. For these 3 extreme de-
fored states, Fig. 29b compares the circumferential distribution of the cir-
.cumferential-e'xtension strain ('r11 ) on the outer surface of' the ring. clearly, 
the extreme resppnse of the ring is greatest for the smallest and is least for 
the largest idealized fragment size. In these three calculations,, it was 
assumed that there was zero friction between each fragment and the ring. 
It may be of interest to examine' the nature of the transient strains 
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•which are predicted to occur at various circumferential locations of the 
containment ring'. As a convenient means of identifying circumferential 
làcations, Pig. 30 shows a predicted deformed ring configuration (and the 
3 idealized fragments) at 1000 microseconds after initial impact; shown also 
are the element identification numbers. Predicted inner-surface and outer-
surface circumferential transient strains are shown in Fig. 31 at elements 1, 
4, 6, 9, 11, and 47 for the case rf 0 2.555 in and U r 0. One may interpret 
the mean of the inner surface and outer-surface strains as representing 
roughly the "membrane strain" portion, and the deviation from this mean as 
the part arising from bending.	 - 
The effect of using a friction coefficient u value of 0.3* is illus-
trated in Pig. 32a where the deformed ring configurations for U - 0.3 and 
U a 0 at 1200 microseconds after initial impact are shown for r f - 2.555 in. 
Since these deformed ring profiles are shown with respect to the fixed y, z 
coordinates, it is Seen that they are "slightly rotated" with respect to each 
other but the deformation severity is comparable. Shown in Fig. 32b at that 
same time instant is the outer-surface distribution of predicted circumferen-
tial strain; here also, it is seen that the effects of friction between the -
idealized fragment and the containment ring have little effect upon the magni-
tude of the peak strains predicted at this instant. Hence, most of the calcu-
lation cases-carried out assumed frictionless impact. 	 -	 - - 
Siiurized in Tabl' -4 are the pertinent data which characterize each 
of the various CIVM-JET 48 calculations made to predict the response of the 
present containment ring. The time increment size used in every case was 
2.5 microseconds.  
3.3 Comparisons of Predictions with Experiment, 
For reasons noted in Subsection 3.2,- predicted time histories of im-
pact-induced containment ring strains cannot be compared rationally with 
measured transient strains for this' ring-fragment impact problem. Also, 
*
This choice as a plausible and reasonable value is indicated by' the studies 
reported in Ref. 15.
52
because of poor Photographic quality, reliable measureme, of the extreme 
deformed ring configuration 
axe not available. Hence, only the permanent 
deforeed ring
	
	
the
 and several measurements of ring outer-surface 
Permanent strain are available_fora_mea
	 o.parjn with predictions. 
As noted earlier, the prediction utilizing an idealized fragment radius r 
	
of 2.555 in and u
	 me	
f 
0 is the , ost reasonable and plausible case for compari-
son with the NAPTC Test 201 experimental, data. 
Accordingly, Fig. 33 compares the measured permanent deformed-ring 
configuration with that estimated from the calculations. The latter configu-
ration was chosen by examining a sequence of predicted deformed-ring configu-
rations throughout the response to peak deformation, and- subsequently to and 
beyond maximum spring back. Peak response and maximum springbacjc occurred, 
respectively, at about 1200 and 3180 microseconds after initial impact. The 
selected "predicted permanent-deformation configuration" was taken as that 
predicted at 2600 microseconds after initial impact; this corresponds to the 
time midway between the time at peak springbacjc and the time at the next peak 
deflection of the ring. The circumferential distribution of predicted ring 
outer-surface strain at this same time instant is shown in rig. 34. Measured 
permanent strains are shown at locations. corresponding to "matching locations" 
between the predicted deformed ring profile shown in Fig. 33 and the Configura-
tion and location data depicted in Fig. 25. In terms of $ defined in Fig. 28, 
the strain gage locations (a different 0 in Fig. 25) were "determined" by 
-orienting-the measured permanent deiormed-ring configuration for a best match 
with the predicted deformed-ring configuration (as per Fig. 33). The result-
- - - ing 0 poitions for the "permanent strain" gages were deduced to be: 
-	 0 of Fig 25
	 0 of Figs. 28 (deg)	 and 34 (deg)
	 - 
	
9	
-40	 10. 
-	 -	 13	 '	
-	 60	 -	 30	 - 
	
33	
-	 160	 130 
.37	 180	 150-	 - 
53	 -	 -	 -
From Fig. 33 it is seen that there is reasonable agreement between 
prediction and experiment for the per anently-deformed...rjng configuracj 
The permanent strain_agreemert observed-in-Fig. 34 is less faithful, but still 
reasonable. By varying rf I U, etc. over a plausible range of values, better 
theoretical-experimental agreement could be expected but such
variations
 
would lead only to predictions constituting results in an 
auncertainty band" 
whose convincing narrowing would be difficult to achieve*. There will re-
main an inherent uncertainty band in predictions vs. experiment unless and 
until one employs a more faithful, and complete model of the compjex attack-
ing fragment. Clearly, various steps in this direction are 
possibl but at 
a price in complexity and computation. 
Finally, an examination of the Dynafax photographs for NAP'rc Test 201 
indicates that the three fragments may not have been "released" simultaneously. 
It appears that one fragment initially Contacted the ring; two pictures later 
a second fragment appear to have come in contact with the ring; and one pic-
ture later the third fragment appears to have made contact with the rirg. 
Note that the time interval between pictures is about 23.6 
microseconds. To 
examine the "sequential release and impact effect", a CIVM-JET 4B calculation 
for rf
 = 2.555-in and U = 0 was made wherein fragment 1 was released; frag-
ments 2 and 3 both were released 60 microseconds .
 later. An examination of
-
-the-resulting predicted transient impact-interaction response revealed in-
signj icant differences from the Co responding simultaneous impact case. 
3.4 Comments  
Although the present Civm-.JET 4B analysis and code employs a highly-
idealized rigid-fragm	
model .to represent a complex deformable fragment 
which impacts 2-0 containment/deflection structures, it appears that the use 
of a plausibly-selected size of the ideáljzed fragmnt 
sand the faithful 
modeling of the translational (and, of leSser importance, the rotational) 
kinetic energy prior to impact will lead to reasonable engineering predictions 
of the peak response and the permanent deformation of the impacted containment 
ring. Calculations indicate that the use of plausible values for friction 
Also the av
ailability of,c data fo the particular lot of 4130 cast 
steel from which the NAPTC Test 201 ring was made could reduce further the 
uncertainty band of these predicted responses. 
•	 .	
.
•• • • •
. 
•	 .	
. 
between the fragment and the impacted structure has very little effect upon 
the predicted transient response of a containment ring. 
Of the various modeling parameters and values which the analyst must 
select, that having the greatest effect on the peak predicted structural re-
sponse of the containment ring is the idealizea fragment size itself. 
Finally, two reminders concerning the limitations of the present CIVM-
JET 4B analysis and code are pertinent. First, the analysis applies strictly 
only to the two-dimensional type of structural response; hence, cases in-
volving an important degree of 3-D structural response cannot be represented 
by the present analysis and code. Second, the governing equations for this 
analysis apply to large-deflection and large-rotation elastic-plastic transient 
structural response but the strains themselves must be small. An upper limit 
on the strains for which this analyses is valid cannot be specified precisely; 
however, predicted strain values exceeding roughly 6 to 10 per cent should be 
regarded with caution. Clearly, rupture threshold predictions for ductile 
metal C/D structures will involve substantially larger strains; accordingly, 
an extension to accommodate large. strain behavior properly will be necessary 
to achieve that end rationally and reliably. 
.........
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SECTION 4 
CONTAINNT STRUCTUREPARrRic EFFECTS ON 
STRUCTURAL RESPONSE INDUCED BY FRAGZIT IMPACT 
Sections 2 and 3 of this report have been devoted to discussing 
numerical methods for predicting. 2-d transient structural responses of, 
respectively, (1) clamped-ended beams subjected to rigid-fragment (steel 
sphere) impact and (2) containment rings subjected to impact attack by 
idealized engine rotor fragments. The capabilities and limitations of the 
associated computer codes CIVM-JET 4B and CIVM-JET 58 were reviewed together 
with guidelines for selecting an appropriate structural model so as to obtain 
reliable engineering predictions -of fragment-impact-induced structural 
response (within the range of applicability of the prediction method as 
actually implemented in these computer codes). Also, predictions were 
compared with representative experimental data. 
•	 Since the scope and complexity of actual fragment attack against 
•	 containment structure usually greatly exceeds that which is feasible to 
include in mathematical/numerical prediction models, it is often useful to 
employ a judicious combination of (1) mathematical/numerical predictions and 
(2) actual experiments -- in order to study in a cost-effective manner the 
effects of each of the numerous variables upon, for example, the (least) 
_....i and/or cost of a containment structure which is to be selected to 
achieve threshold containment' of a given fragment attack; similar results 
- -	
for a series of different postulated fragment attacks may also be of interest. 
•	
. The use of mathematical/numerical predictions alone is hazardous because of-
the possible inadvertent omission of important ingredients present in the 
actual physical problem. On the other hand, the use of experiment alone is 
inadvisable because of the tiae and large cost per test as well as the great 
number of tests required to explore the effects of each of the potentially-
important parameters and variables of the problem. 
That is, the dividing line between fragment containment and non-containment. 
.	 ••-	
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In this section the Use of dimensional analysis in studying the effects 
of various pertinent parameters upon the containment threshold response of 
each of various 2-d containment structures to fragment impact attack is 
explored 'with reference to: (1) mathematical/numerical predictions and 
(2) actual experiments The dimensional analysis is discussed first in 
terms of a rather general situation involving fragment attack against a 
broad class of containment structures. Then the analysis is specialized and 
applied to (a) NAPTC experimental studies (12,13,37) of 2-d containment 
ring responses to specific types of engine-rotor-fragment impact attack and 
(b) MIT-ASRL experimental (16) and numerical studies of steel-sphere impact - 
attack against a simple ductile metal beam. Finally, the effects of scale 
are discussed; that is, the question of determining the physical parameter 
values for a "similar containment ring" required to achieve threshold contain-
ment when the "similar fragment attack" emanates from a rotor of N times the 
size of a given reference rotor of the same material is examined. 
4.1 Dimensional Analysis Considerations 
There are two basic mutually-complementary methods that can be used to 
quantify the containment threshold capability of a given containment structure 
which is subjected to a given fragment impact attack condition, and to 
identify the major parameters affecting a -particular-structure's containment 
potential: 
-	
(1) A mathematical model representing the governing equations of the - 
large-deflection elastic-plastic responses of the containment 
•	 structure and the-impacting fragments, and of the impact-interaction 
behavior can be devised. These equations can then be rendered 
dimensionless. These dimensionless parameters can be varied in 
magnitude and t!ië subsequent solutions of the mathematical model 
will determine the effects that these parameters have on the sought 
threshold-containment conditions. 
(2) A physical approach can be used in which all of the "physical 
parameters" thought to be involved in the impact-interaction and 
response are identified and formulated into a set of dimensionless 
.	
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Parameters [38,393. This set of dimensionless Parameters cart then be varied individually in a series - Of
-experiments to determine 
their effects on the sought containment threshold. 
These two methods can be 
combined to form a systematic means of identify-ing the important impact..interacrion 
variables and assessing the magnitudes of their effects in a cost
-effective manner. The 
mathematical model readily identifies the
"important Parameters" from a theoretical approach; however, 
the accuracy of this process depends upon how closely and fully the equations
-
 model the physical problem. The impact-i
nteraction and the associated tran-sient st
ructural response as addressed in this report is a highly nonlinear 
Problem and the mat hemarjcal models of this interaction [4,5, and 171 contain
 a number of restrictive assumptions. Therefore, the 
mathematical-model is itself subject to experimental 
verificatiOn/correlation to determine its 
applicability, accuracy, and 
reliability. The physical approach, by itself, is also limited by the complexity of the problem and cost 
considerations In forming an
-" intuitive" set of governing parameters, one may neglect an 
•	 important quantity and the subsequent series of experimental 
modelings will be extremely expensive if that incomplete and deficient 
characterization
-were
 used to study the effect of each parameter. (A "simple" 
experimental program 
could readily consist, of over a hundred separate test runs in order to
	 - quantify the-effects if five - or six
	 parameters; an experimenta l Program with 
five independent variables and a series of three test levels to analyze 
the effect of each variable would consist of 53 or 125 separate test runs.)-
	 : - It is evident that as te complexity _of. the problem to be 
analyzed increases, an analysis method combining both of the above basic procedures becomes both convenient and necessary.
	
-- - 
A dimensional analysis is, based, Solelyon the elationships that must 
exist among the pertinent v
ariables because of their dimensions rather than 
the laws of physics. However, once 
an assumed mathematical model of the Physical problem has been formulated and 
correlated with the data Obtained 
from a simple set of experimental models, the key parameters affecting 
containment can be visualized and cast into dimension-less form in a Physically meaningful manner. As demonstrated by Langhaar [ 38], and Utilized in 
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S	 preliminary containment studies (391, a set of dimensionless parameters can 
be constructed from a set of pertinent variables by application of the 
Buckingham-Pi theorem.	 If n is the number of variables present and r is the 
number of least-order dimensions represented by these variables (i. a., mass, 
length, time, etc.), a. complet, set of in dimensionless parameters can be 
constructed where in a n - r.	 This set of dimensionless parameters will by 
no means be unique; but, by physically examining and justifying each dimen-
Sionless parameter, a meaningful set of in parameters can be constructed.
	 The 
effect of each of these parameters. can be studied individually by conducting 
a series of (1) experiments or (2) mathematical solutions, holding all other 
parameters constant.	 Of course, one could and should conduct partial 
factorial experiments to examine the possible presence of synergest.ic effects. 
This procedure is permissible if one knows that there are no synergestic 
effects between the parameters.
	 In the absence of such knowledge, some type 
of factorial experiment would be appropriate. 
.4.1.1	 General Description 
It is necessary first to identify all of the principal variables 
influencing a general impact-interaction and response of a container or 
. deflector structure which is subjected to fragment impact attack.
	 Before 
these variables are assembled into a useful set of dimensionless parameters, 
the variable list should be reduced by eliminating those variables whose 
effect on the overall interaction is physically reasoned (or can be shown)
	 - 
-	 .	 .
to be insignificant.	 Once a "complete" seL
	
_ptlmary variables is identi-
fied, they can be combined based on physical relationships into
	 convenient 
set of dimensionless parameters. 
The variables describing an "impact-intection" can be divided into two 
distinct groups'.­ 'roups	 (1) thoseváriables um.que to th& impacted structure, and 
(2) those variables unique to the impacting fragment).
	 These variables 
can be further subdivided into geometric, kinematic/environmental, and 
material variables.  
The containment structure is defined geometrically by its length, width, 
and thickness; if the structure is conceptualized as a complete (cOntainment) 
ring, the radius of the ring-becomes a primary variable rather than the-
length.	 If the container is a section of a doubly-curved 3-D bod y , two radii 
of curvature will become primary geometric quantities.
	 For purposes of 
simplicity, the containment structures treated here are regarded as being 
three-dimensional thin-shell bodies of revolution (i.e.,-rings, cylinders. 
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.or spheroidal sections, see Fig. 35), or as plates or beams. A thiàkness 
measure can be defined for any of these structures (here all are assumed to 
be of constant thickness); appropriate lengths, widths, or radii also can be 
defined. 
For illustrative purposes the attacking fragments are considered to be 
portions of a jet engine turbine rotor,, Fig. 36. The fragment could be 
either a single blade, a segment of the hub with attached blades, or a 
bladed-disk sector. All three of these potential fragments can be described 
geometrically by .a width (i.e., axial projection which is assumed to be 
constant)., the distance from the rotor axis of rotation to the fragment cc, 
and the length of the fragment from its Cc to the blade tip, see Fig. 36. 
The movement of the fragment relative to the container must be defined 
geometrically. Since the container is initially motionless in the reference 
space used for the analysis, the fragment will possess all of the initial 
translational and angular velocity of the system. The angular velocity of 
the fragment is a primary variable while the translational velocity of the 
fragment is defined, by the angular velocity and the location of the fragment 
center of gravity, r. 
These geometric and kinematic variables and their dimensions are 
su arized below for both the fragment and the containment structure (or 
container):
. 
Geometric and Kinematic Variables 
Quanti€' Descrlptiài Units 
,,	 r(ort). MajorRidii.zs(oj'-pan)
	
- L 
r	 (or w ) 2c	 c Minor Radius (or Width) L 
h	 -U  	c Thickness	 ' L 
Length from Fragment CC to Blade Tip L 
rCC Distance from Axis of Rotation to L -J
Fragment CC L E
W Width (Axial Projection) L 
Angular Velocity	
- T_ 1 
a
-	 Number of Fragments
	 ' 
TOTAL:	 8 Variables
-7 
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The material properties of both the fragment and the container are not 
as readily quantified as are the geometric and kinematic quantities. Both 
the fragment and the container have their own material ma a-densitIes-p 
(assumed constant for each one) per unit initial undeformed volume. Each 
material can be quantified conveniently by an elastic modulus, a .
 yield stress, 
an ultimate stress, a maximum strain, and strain rate parameters. These 
material values are obtainiBd from standard tests conducted with a coupon 
of the structural material. The values c1
0 and a are defined in terms of 
engineering stress (also called the First Piola-Kirchhoff stress) 
aE 
WE
 - P/A, where P - applied force and A0
 - initial cross sectional area) 
because the maximum engineering stress % conveniently identifies the maximum 
load P that the structure can bear (and this occurs immediately prior to 
necking). The strain v1ur are defined in terms of extensional linear 
strain, Li (where E1 - to ° £ - deformed length, and 9. - initial length) 
because this is the conjugate to the engineering stress such that the total 
internal strain energy per unit initial volume u. (proportional to the energy 
per unit mass U)- of the test coupon is:
	 - 
—	 P,LLJ	 u	 u	 - 
.Lt -vf.(Tv)=_f UN	 (4.1) 
The ultimate stress, 
au , 
is defined here as the maximum stress attained 
during the tensile test (a - P/A) and the corresponding extensional strain 
is called "the maximumstrain, Em	 Strain rate dependency is approximated

by a- strain-rate-affected yield stress, a,(c), as defined fran empirical data 
(Refs. 24 and 2-5) by:
 
/ _ 
	
=	 +	
-	 )	 (4.2) 
where D and p are empirical material constants and is the strain rate. 
To complete the set of material variables (assuming isotropic materials 
for both the fragment and the container) are Poisson's ratio and the coeffi-
cient of thermal expansion. Also, the impact-interaction is influenced by 
two material qunatities which "couple* both the fragment and the container 
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material to 	 the coefficient of friction and the coefficient of. 
restitution, each of which is dimensionless. 
These "material property variables" are siimsrized below. 
.
Material Property Variables 
Quantity Description Units 
PC
Material Density PT2/L4 
Elastic Modulij'e F/L2 
a Yield Stress	 . P/L2 
a.
Ultimate Stress 
cc.
Ultimate St--%,n L/L 
m 
D Strain Rate Constant T C 
PC
Strain Rate Constant	 - --
v Poisson's Ratio --
a Coefficient of Thermal Expansion 
Pf Material Density FT2/L4 
E 
Elastic Modulus F/L2 
Yield Stress F/L2 
-.
Ultimate-Stress. F/L 
1.
Cf	 •. Ultimate Strain	 . L/L 
-	 D Strain Rate Constant 
Pf Strain Rate Constant --
Poisson's Ratio --. 
Coefficient of Thermal Expansion 
u . Coefficient of Friction --
e Coefficient of Restitution - 
TOTAL:	 20 Variables
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To define cpletely the Impact interaction, several variables 
associated with the surrounding environment" are needed. The local 
gravitational acceleration, the local temperature, and the local time frame 
must be included in the analysis, and are listed below. 
Environmental Quantities 
Quantity Description Units 
g 
I
Acceleration of Gravity 
Temperature (above normal) 
Time
Ltr2 
0 
I 
TOTAL:	 3 Variables
To this point, variables which characterize the containment structure 
and the attacking fragments have been discussed but no parameters have been 
chosen to describe the consequences or the results of the postulated fragment-
impact attack. With respect to the containment structure itself, one must 
define the basic objective; two evident possibilities are: 
(1) to prevent fragment penetration -- in this case one is interested 
in defining the dividing line between containment and non-contain-
ment of the fragments or 
(2) to limit the maximum intrusion of the intact (non-ruptured) contain-
ment structure into the surrounding space (to avoid inflicting 
damage to critical components, controls, etc.) - in this case one 
might select the maximum deflection zc of the container to be a 
parameter of interest.	 -	 - 
Also, it is conceivable (although unlikely) that one would be interested in 
describing the consequences to the deformable fragment of its deplorable 
impact attack against the containment structure. In this case one might 
choose one or more parameters to describe the maximum deflection z  of the 
fragment. Accordingly, one might add the following two quantities to the 
variable list:
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• [I	 - EZfects.Quttties
	
-	 1 I Quantity	
-	 Description	
Units7 
I zc 	 Maximum Deflection of the
	 L 
I Containment Structure 
Zf	 Maximum Deflection of the Fragmsnt
	 L 
In summary, the posed problem of fragment Impact attack against a 
containment s
tructure and the consequent response may be described ix terms 
Of these 33 v
ariables which are expressed in terms of four distinct utjts: 
length, force, time, and/or 
temperature. Hence, there are 29(i.e.,33_4 29) 
independent dim
ensionless parameters that can be formed fran the propcsed 
set of variables. 
The following is a list of these 29 dimensionless parameters, grouped 
in four descriptive categories: material, environmental, geometric, and 
kinematic: 
r L
fl
I 
. 
SET OF PHYSICALLY PLAUSIZLE NON
-DIMENSIONAL PARAMETERS 
C	
16 - 
112 - Cf	 1117 - (rn)/(r+L) 
113 - V
	
1118 - h/(rCG+tf) 
0 
7T•V	
11	 W/w 6.4 f	 19 c  
51- Pc
	 ir- 
1T u Pf	
'2l h/w	 --
	
z 7r . M	 22 - wf/(r+L) 
	
- e	
23 (wfrt) /h 
119	
c'f	 24 - frC)/(hD) 
10 - co fo
	
7r 25
	
(wfr)/(r+t)D 
lTii %U/afU	
26 = 
l2 E/Ef	 -	
27 (af ffl)/Pf[((rth+Lf)] 
13	 r)2	 -	 28	 z/h	 - 
14	 (Tx)/t	 29 Zf/Lf 
IT 15 
In the "material" category, r through Tr, are already dimensionless, 
while 119 through Tr12 Consist_of rat4.os of COntainer_to_fragment mass density, 
static yield 
stress, ultimate stress, and elastic modulus. The"environmental" 
category, 1113 - 15' includes gravitatjon
_aj
 to centrifugal acceleration 
effects, and thermally-induced strain ratioed to ultimate strain for the 
container and the fragment. Included in the geometric set, 
1116 through 7122 are the (dimensiouless) number (n) of fragments (tacitly it is assumed that 
the bursting rotor fragments into a equal-size pie-shaped bladed'
-disk frag-
ments) as well as pertinent geometric ratios of characterizing dimensions of 
the containment structure and the fragment(s). Next, the kinatjc set, 7123 
through 129 may be regarded as indicating the severity of the impact attack. 
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.The 11 23 term may be interpreted as the ratio of the distance traveled by the 
fragment cc in time t to the 'wall thickness 
of the container.
 25 the CG velocity of the fragment is ratioed to uvelociti N invo1 1.
	 the strain rate constaj D and Df for the container and the fragment, respec tiVejy. Next, 1126 -and 1127 may be regarded as representing the ratio of a 
rough measure of the maximum energy absorption capability per 
unit volume for the containlnent material, and the fragment material, respectively, to the fragment tip kinetic energy per unit 
vol. Finally,	 A dimensionless "effets Parameters", ratioing the maximum 28 	
29 are the
 deflection to a 
characteristic length for the container and the fragment, respectively 
4.1.2p.educti for Ligid- rragment Attack 
The 29 dimensionless parameters discussed in Subsection 4.1.1 pertain to a fairly general case of deformable_fragment impact attack against 
defoxmale containment structure, except that all materials 
involved are assumed to be isotropic and the container geometry is restricted to thin 
shells of revolution (or equivalent). This description is appropriate for certain experimental situations to be described in Subsection 4.2, for which 
the fragments are deformable. However, in certain 
experiments and in numerical predictions (both to 
be discussed in Subsection 4.3), the impacting fragment is rigid ( non-deformj,e) for all intents and purposes. Hence, it 
is use.faj to examine the effects of considering a rigid fragment in reducing 
the number of characterizing
 dimensionless Parameters for rigid-fragment
 impact attack. 
If the fragment were assumed to be rigid, all of the fragmnt 
material variables (except denity) and the fr
agment deflection z  would be ignored, 
thereby reducing the variable list by 9. That is, Ef , a, afu 1	 D, Pf Sfm and Z all n. wouj, be ej,imjna,ed as variables. This mans the deletion Of variables ira, 1145 
6'	 ll' l2' l5' '27 and 29' thus leaving 20 
- dimensiohiess parameters for further consideration 
A further reduètjon in the number of basic dimensionless 
variables can be achieved by imposing further restrictions For example, if all contem-plated experiments and analysis were to be Carried out for 
near-eax.th condi-tions, the local-gravitational 
ac
celeration g could be removed as a Variable. 
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Purthcx if one assumes (1) that the containment structure is at essentially 
a uniform temperature even though that .temperature be elevated•
 so that 
there are no thermally-induced stresses and (2) that whatever calculations
 
axe carried out include the appropriate material, property data (E, a, a, 
S	 £, D, PC' v) for that elevated temperature condition, one can eliminate 
both the temperature T and a from consideration as variables. With the 
S 
el
imi
n
a
tion of the 9 rigid-fragment ovariablesm and these latest 3 variables 
(g, T, and a ), there are now only 21 vajiables left and these are expressed 
in terms of the 3 fundamental units: ler th, force, and time. Accordingly, 
one is now left with a reduced setN
 of (33-9-3) -3-18 independent dimension-
less parameters (8), as rezubered and. listed below:
	
S 
REDUCED SET OF DIMISIONLEss PARA?rERS 
(Rigid Fragment, Near Earth, No Temperature Gradients) 
Material Geometric Kinmnatjc 
- 
C
mc 8	 - n 13	
- (wtt)/h
82V 89	 CIG 816 -
83
c 810 - h/(r+Lf) 817	 (a	 C)/pf((4(r+L)2) 
84 P 8U	 W/Vf 13l8 - n/h	
S 
85=e
-	 S	
812cc 
86 Pcf 813 - h/v
S	
S 
8., Ec/ac 814	 w/ (r+ Lf)
Finall', it should be noted-
-that this s a possible but a non-unique set 
of characterizing dimensionless parameters. Other combinations of these (or 
equivalent related) variables could be constructed to give an equally-valid 
set of 18 dimensionless parameters.
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-	 Next in Subsections 4.2 and 4.3, related more-restricted categories of
 
problems will be discussed Involving certain experiments and/or numerical 
predictions. Also, an alternate set of dimensionless parameters will be 
considered. 
4.2 Dimensional Considerations Applied to the NAPTC Rotor-Burst-
Containment Experiments 
As a part of the NASA study on Rotor Burst Protection, the Naval Air 
Propulsion Test Center (NAPTC) has conducted a series: of experiments [j..,37, 
for example] in which actual aircraft engine rotors have been rotated at high 
speed, caused to burst into various fragment patt e
-rns, and the Subsequent 
fragment impact against containment rings has been studied. These experi-
ments were corducted in order (1) to investigate the associated impact-
interaction phenomena for containment structure impacted by typical complex 
deformabj.e fragments, (2) to obtain an empirical data base to aid in 
containment-structure design, and (3) to obtain data which would be useful: 
(a) in guiding the development of and (b) in evaluating numerical methods 
for predicting the responses of bodies involved in fragment/structure impact, 
interaction, and response. 
It is convenient for discussion purposes to consider two separate groups 
of the NAPTC experiments. In one group--simple- containment rings of a given 
material were used in an attempt to determine the containment threshold for 
- -
	 rotor burst attack from a GE T58 turbine rotor spinning at 20,000 rpm, for 
cases in which the rotor was caused to rupture into 2,
-3, or 6 equal-size 
pie-shaped bladed-disk fragments. The second group consisted of similar-----------' - 
experiments but involved a different' and larger turbine rotor (a P&W J65) 
with an 8500 rpm rotor-burst condition. Each group is considered separately 
in the following.	 -
4.2.1 T58 Rotor Burst Containment
 
The T58 turbine rotor employed in these containment stidjes as depicted - - 
in Fig. 37 has ,a 14-in diameter, about al-in axial lengL. 51 blades -- each 
with a 3.5-in length, weighs 10.8 pounds, and was modified to rupture into 
2, 3, or
. 6 equal-size fragments at a nominal 20,000 rpm.
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In these containment experiments, there was a single source of fragments - 
-- the T58 rotor
	 hence, the fragment material parameters were not varied; 
also, the basic geometric parameters of the fragmeàt source were not varied, 
only the number n of equal-size fragments used was varied, and the geometric 
parameters associated with each are implied when one specifies the value of 
fl. With respect to the containment structure, it was intended that a single 
containment material (4130 cast steel) be employed. The only variables 
employed were the axial length (or width) w and the radial thickness h of 0 
the containment structure, the latter quantity being varied as a means of 
de7fining experimentally the containment threshold. 
In view of these facts, it is convenient and useful to sumarize the 
fixed quantities and the variables needed to characterize the containment 
ring and the fragments. Further, becau.je of the restricted set of variables 
involved, it is useful to select a slightly different descriptive set of 
- quantities for the fragment attack from the "general set" considered in 
Subsection 4.1. Since the fragment geometry is unchanging except as implied 
by the tnber n of fragments, it is useful to describe each fragment by 
mf
 = mass of the fragment 
mass moment of inertia of the fragment about its CC 
Wf = angular velocity of the fragment (and rotor) at rupture 
Vf= translational velocity at the CC of the fragment at release 
rCG = distance from the axis of rotation to the CC of the fragment 
Automatically implied is the distance from the fragment CC to the blade tip. 
Accordingly, listed below are the characterizing quantities which remained 
fixed-and those that were varied in this group, of NAPTC experiments: 
CONTAINMENT RING FRAGMENT 
Fixed Quantities	 Fixed Quantities 
Material	
-	 Material 
Inner Surface Radius, r
	
4f v 
Variables	 Variables (Only as Implied bva) 
Radial Thickness, h
	 mf If S r, rf 
Axial Width, w
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.Note that for a given number, x, 
of equal-size bladed-disk fragments,
 quantities rn,, ;Tf,
	 and r
	
the f 
are fixed; j, this case there are no 
fragment .. attack va.iab1ag
 - and the value of n suffices to define the attack for 
given: fragment material and Wf (Vf is defined autnat,jcajly since r and 
given).	 an- 
The above characterization of the fragment attack permits one to describe 
important scal4x qua
ntities present in this problem; namely, the pre-impact 
translational and 
the rotational kinetic ezergy of each fragment: (KE)
fot
 
and (ICE)	 , resp
ectively. The total kinetic energy (KE) of the "fragmen
by 
generator
	
y be express in terms of these individual fragment 
qua ntitje3 
(KE a	 zu=
	
+ (KEor 1 
where i is the pre-burst mass moment of inertia of the 
rotor about itsaxi 
was held 
s. In these NAPTC experiments the wtotal. attackkinetic energy (ICE)" ( essentially) constant. Hence, the geometry associated with a selected value of n dictates for each frag
ment both the actual value and the different proportion of translational and rotational pre
-impact kinetic energy possessed -. by each fragment. This distribution is shown, for example, by Martin0
 Magano [401, Clarke
	
and [ 41], and McCarthy [42] as depicted in Fig. 38. Calcula-ti
ons show 118, and Subsection 3.2 of this report] and experiments confirm
 that metal containment ring response is affected strongly by the transla-tional kinetic energy but almost negligibly by the rotational kinetic energy 
of each of the n attacking fragments.
- 
Since the containment ring and fragment material remain unch the present :group of NAP angd during
tests, neither the coefficient of friction j nor the coefficient of restitution 
e need be regarded as variables 
Finally, all tests were Conducted at room temperate conditions,-
 Hence, a
ccording to dimensional analysis principles one may 
express the mximu_exteional.strajfl dimensionless 
parameter E as 
'a function of the following dimensionless variables [18,37,39]: 
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RESULT	 VARIABLES 
where W denotes the weight of the containment ring. Alternatively, if the 
actual threshold rupture condition is being sought and described (thereby 
replacing (c))v one can represent the containment threshold by the follow-
ing functional dimensionless description; 
KE 
 
' .- 
= ? ( 1c,r •) WC	 (4.5) in  
Although this characterization is given entirely in terms of dimensionless 
quantities, it may be more useful and clear to describe the threshold contain-
ment condition in terms of only attack kinetic energy 	 and ring weight W  
instead of (KE)/(Wr) since both	 and r are held fixed. Other 
"dimensionless-result displays" will be presented for similar reasons. 
summarized for convenience in Table 5 are the parameter values identify-
ing the T58 turbine-rotor-burst fragment attack for n-2,3, and 6 agments. 
Table 6 contains a summary of the NAPTC tests of the T58 turbine rotor bursts 
against 41-30 cast steel containment rings. Note that while the ring thickness 
h was varied, in tests using n2,3, or 6 fragments, the effects of ring axial 
width w were studied to a meaningful extent only for, the n=3 case. Finally, 
note that the 4130 cast steel material used for these containment rings came 
from two different suppliers and the associated mechanical properties turned 
out to be somewhat different (Table 6). This fact-should be kept in mind in 
assessing the' resulting experimental data; most tests involved the NF material 
but a portion of the tests (that is, some of the tests for n3 only) involved 
the "different" ACIPCO material. 
In the cited NAPTC tests there was no determination of the circumferential 
strain on the ring (either extreme peak transient or. extreme permanent); 
however, the permanent deformed ring configuration was photographed for 
+If desired, one could use (Wr)/(KE) 0 rather than (ICE) MW r) to obtain a 
small rather than a large dimensionless number. 
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documentation. The principal result from' each of these tests was that the 
ring either contained (C) or did not contain (NC). the attacking fragments. 
Thus, unless conditions for C and NC are very close to each other, it is not 
possible to display results such as those indicated functionally by Eq. 4.4 
or by Eq. 4.5. Instead, one could evaluate and display the ratio of the total 
translational pre-impact kinetic energy
	 ot to the weight N of the contain-
ment ring (called herein the SITE - !pecific translational fragment kinetic 
energy) as a function of the number of n of attacking fragments while holding 
constant the ring axial width w0; in this category of tests, the ring thick-- 
ness h would be varied, and would automatically imply a value for the ring 
weight V. A plot of this type is shown in Fig. 39 for the fixed value of 
ring width w - 1.0 in*; the symbol "0" indicates that the fragments were 
contained while the symbol "Xn means that the fragments were not contained. 
Note that Fig. 39 is similar to Fig. 6 of Ref. 37 where the ratio of the 
total fragment kinetic energy
	 to the ring weight U - called sct 
(specific contained fragment energy) - is shown. In this report the SITE is 
chosen as a basis for discussion since rotor burst containment ring performance 
depends almost entirely upon the value of the translational portion of the 
fragment kinetic energy attack; the rotational portion is of comparatively 
insignificant importance. A "curve" has been faired through these data to 
identify (or estimate) roughly the dividing line between containment and 
non-containment; additional data would, of course, improve the reliability of 
this faired curve. One should expect this faired curve to approach an STFE 
asymptote as the number of equal-size fragments is increased indefinitely; 
this would correspond to a uniform membrane strain state in the ring and, 
hence, would enable the ring to absorb a maximumamount of strain energy 
before "siinu.ltaneous outer-surface rupturing" would occur at all circumferen-
tial station of the-ring.
-
 On the other hand. the least number (n=2) of 
equal-size fragments produces severe local bending in addition to the membrane 
straining; the result is that this locally-severe bending-membrane outer-
surface extensional strain reaches rupture levels at the least total 
translational kinetic energy attack value. At all other values of n, 
*
There are insufficient data to permit making similar plots for other fixed 
values of-containment ring width w.
. : this threshold containment curve lies between then-2-value and the afore-
mentioned asymptote. Also, only for n-2 is disk sharp-edge gouging of the 
ring evident. 
- Referring to Fig. 38, the amounts of translational and rotational kinetic 
energy possessed by fragments of varying sizes originating from the same rotor 
are shown. The three-fragment impact situation has more total translational 
kinetic energy than does the two-fragment attack. On an individual basis, the 
impact of one tn-hub fragment is more severe than the impact of one. bi-hub 
fragment; however, the fragment-ring interaction of the three fragment attack 
lessens the severity of the impact-induced response. As the total number of 
rotor fragments approaches infinity, the deformation of the containment ring 
approaches that of pure membrane stretching. As the number of fragments 
present decreases, the severity of local bending deformation increases. This 
is readily visualized in Fig. 40 (from Ref. 37) where a comparison is made of 
the final deformed shapes of identical containment rings subjected to either 
two- or three-fragment impact. The two-fragment impact produces fewer regions 
where bending is present, but the level of bending will tend to be greater in 
these regions than in corresponding regions for rings impacted by more frag-
ments. The hypothesis offered here is that a 1/3-rotor fragment contains 
more translational kinetic energy than a 1/2-rotor fragment, but the impact-
induced ring response (taken as a collective action) appears to be more severe 
for the- two-fragment attack.
	 - 
A limited experimental study was made also of the effect of various ring 
widths w (or the ratio wc/wfYon T58 turbine rotor fragment containment --
only for the 3-fragment case. Figure 41 shows the STFE as a function of con-
tainment ring width w for the3-fragment case of T58 turbine rotor burst. 
These data ndicate an optimum ."energy-coping capability" at a ring width w 
- - of 1.00 in, which is equal to the axial projected width of the attacking 
fragments. While w
	 0.5 in and w 	 1- .0-in clearly - involve 2-d structn_rlj. 
•	 responses of these rings, the forer exhibits larger bending-induced strains 
compared with the latter, and hence reaches a rupture strain level at a 
smaller attack specific translational-kinetic energy value than the latter. 
On the other hand, having w significantly larger than w  will lead to 3-d - 
structural response behavior in the immediate vicinity of the points of impact 
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.Attack; this locally more severe response results in 
Producing rupture Strain. levels at these locations at a much 
mealier value 
of the attack STFE than for the 2-d structural response cases - 
especially those near w v. It was Ited earlier 
that the character of the ring 
r"Ponse differs depending upon the number of
fragmen invojvj in the impact -attack_Thus, for the present T58 turbine rotor burst cont.&i,
	 tests, one 
may depict con en the threshold-containment data for the 2, 3, and 
ring M&88 'to 
cases on a single d.imensig8 plot (Pig. 42) of the ratio of to total fragment mass, r"f' 
Versus the ratio of total 
fragment translational kinetic energy (icE) to an "ideal_j
	 maxim absorption index for the contaj
	
energy 
nt ring", U. The quantity Uis a convenient but fictitious quantity %,Ktch represents approximately the total Strain energy which could be absorbed by the entire 
volume of ring material if all of the material were 
subjected touniaxj,j tension and 
stretched to rupture. For the present 4130 cast steel material 
supplied by the National Forge Co., U
 
vole where was. 
estimated by forming the product of 5 and the ring initial is this "energy capacity" per unit initialvolume, as follows. Regarding this 4130 cast steel as a "mild steel",
 
strain rate constant values D-40.4 sec
	
it is 
assumedthat the 
and p-5 quoted in Ref. 25 
apply. Next, for a fragment impact attack of sufficient 
severity 
to Produce
 rupture of the ring, the 
ring will experje time-varying and
space tensile 
_varying strain rater 9 which range up to perhaps 3000 ec but over a Substantial Portion of the transient response (to local rupture) are considerably less; for present purposes an 
"effective-rate"
 of- n-850 Sec1 isaèsed* to 
apply throughout the volume of the ring maerjaj. Thus, -accordj-to
	 4.2 and :Eq. Table-6 the ratedepent effective yield stress of the NP 413Ø cast steel material is estimated to be
	 - 
I+I) = 8O,0006 ) : I*) 227,120 pi 
Since, the strain-rate dependent 
neck-initiation level of Strain f-or this 
material is not known, the Static value of 0.08 in/in from Table 
6 wjfl be *
As a rough. estimate on the basis of the NAPTC- Test 201 
transient strain data, but it could be significantly less.
• -	
used. For the present rough determination of U, the NP material is approxi-

mated as being "rigid, linearly strain hardening" to rupture; hence, 
)NF 
E,1[0 + (0	 = . oa [227,120 + 3',0° j= ic14Oin I 
Then U is found by multiplying this value for 5 by the initial volume of 
the material comprising the containment ring. 
The solid curves shown on Pig. 42 for n-2, 3, and 6 were specified as 
follows. Since the total fragment mass is known and the nominal rupture rpm 
is given as 20.000, the total translational kinetic energy is known and is 
constant for each value of n; for a given containment ring, the ring mass 
and U (for the HF material) are both determined -- thus defining the solid 
curves associated with the NP material for eac value of n. similarly, the 
dashed curve was established for n u'3 for the ACIPCO-supplied 4130 cast steel 
material; for this material, analogously the following very different value 
for U was used: 
()= . I[z35,37+ 3q,000 J 38,270 
.	
AC	 In 
which means that the ACIPCO material is much tougher than the NP material. 
It should be noted that the curves shown on Fig. 42 indicate the nominal 
or intended rotor-burst condition of 20,000 rpm. In actuality rotor rupture 
occurred at a slightly different rpm in a given test. For a given ordinate 
value, rotor rupture actually occurred at a higher (lower) rpm than nominal 
•	
for those points lying to the right (left) of a given curve. Thus, one can 
see readily how near the nominal condition that the actual rotor bursts 
occurred.	 -. 
An examination of Fig. 42 reveals the following two trends: 
(1) There is a ratio of ring mass to fragment mass below which there 
are few or no containments. This level is approximately 0.7. 
(2) There 'is a ratio of total fragment translational energy to maximum 
energy absorbed by the containment ring above which there are few 
- or no containments.
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The first trend cited above occurs at nearly 
the same mass ratio for all 
three valuü of fragment number fl. Evidently, as the mass of the containment 
ring decreases in comparison with the fragment mass, a point is reached where 
the deformations surrounding the "impact point" dinate •the 
iact-jntertj 
and lead to a local tensile, failure without 
greatly deforming the surrounding 
containment structure. There is no fixed energy ratio for the second trend, 
but a different energy level prevails for each fragment 
configuration. This 
is because the magnitude of the total translational energy stored in the 
fragments is dependent upon the configuration (or value of n). From' Fig. 38 
it is noted that an individual tn-hub 
fragment possesses the greatest trans-
lational kinetic 
energy, but collectively the six-fragment configuration 
possesses the largest total translational kinetic energy (whereas an even 
larger total translational kinetic energy level is attained by a nine-fragment 
impact configuration) A hypothetical Containment limit as n would be at 
an energy ratio of 1.0 if U were known accurately, because this is the point 
at which it is assumed that the maximum energy can be absorbed in just reach-
ing tensile failure simultaneously at all circumferential stations in the 
containment Structure. 
This containment limit is based on the absorption of translational
 
kinetic (impact) energy by the containment rings through membrane stretching. 
However, if bending deformations occur at a non
-negligible level, the contain-
ment limit would shift to a value less than 1.0 because an equal volume of 
material would absorb twice as much energy by pure membrane stretching than 
it will by pure bending before reaching the 
"local rupture" condition. The 
extent of bending deformation for the, 3, and 6-fragment rotor burst was 
rnentj.Qned earlier in this section and is borne out itt rig." 42 as a shifing 
Containment limit. 
Two addit..onal means of displaying the present MAPTC experimental data 
on T58' turbine tri-hub (n=3) rotor burst containment are useful and are shown 
as rigs. 43 and 44, only for ' the NY material for clarity. Figure 43 shows 
the ratio of ring thickness h to ring inner-surface radius r:
 (h /r) versus 
for fixed values of the width ratio w /w f, Figure 44 shows the 
ratio of containment ring thickness h to ring width w versus the energy 
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ratio	
ot/fic for fixed values of the width ratio W/Vf. Confining 
attention to tn-hub bursts (n-3), an examination of Figs. 42, 43, and 44 
reveals the quantitative and the expected qualitative 
relationship beeen
	
• 
the thickness of the ring and the contajient Potential" of that structure. 
To achieve containment by the N? 4130 cast steel material (for the present 
limited data 
(1) Figure 42 indicates that a ring mass at least 0.7 times the total 
fragment mass should be used, 
(2) Figure 43 
shows that a ring thickness h at least 0.08 times the 
ring inner-surface radius should be chosen, and/or 
(3) A ring width at least as great asbut not much greater than the 
fragment width should be selected, according to Figs. 41 and 44; 
however, the data are too sparse to permit making a more precise 
choice. 
These criteria for estimating the containment bounds do not guarantee 
containment (as is indicated in Figs. 42-44); however, 
all of the rings which 
contained fragments that were released from rotors at the design rpm meet 
all of the above-mentioned criteria; only test 177 fails to meet these bounds, 
but the rotor failed at an rpm significantly lower than the design speed. 
There appears to be a minimum width, thickness, and total mass for the 
containment ring of given material in order to insure a high pobabiliti 
of containment. 
These observations are also discernible from similar NAPTC plots in 
Ref. 37 but are not as clearly PPent_as__Figs4.4 In addition, 
i nãIimensioflal plots iii Fig. 42 readily separate differences based on 
material properties show the relation of the data points to an "ideal curve" 
for that material impacted by a fragment released at the design rpm, and 
indicate the pertinent géinetic variables. 
The above exercise, gives a •
 brif illustration of the use of nondimen-
sional analysis for displaying the major factors, influencing the containment 
of a rotor fragment if 11 appropriate data had been obtained. This process 
can be applied to any set of experimental data in order to quantify more 
clearly the important interactions and parametric effects, Particularly if 
the dimensionless combinations are chosen with some prior knowledge of the 
principal physical processes present.
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4.2.2 J65 Rotor Burst Contairment
	 - 
The Curtiss-Wright J65 turbine rotor employed in this group of NAPTC 
experimental fragment-containment studies has a 30.64-in di ameter, a 1.25-in 
axial length, 72 blades, a weight of 127.75 pounds, and was modified to 
rupture into 2, 3, or 6 equal-size bladed-disk fragments at a nominal 8500 rpm. 
The-pre-impact fragment data characterizing these tests are given in Table 7. 
To date, the number of fragment-contajzme tests using this "large" rotor is 
email - as summarized in Table 8 where the specific tests are identified by 
test number, the number of equal-size fragments, and the axial width w -of the 
4130 cast steel containment ring used in each test. Note that all of these 
tests (except two) utilized rings having wc wf l.2S inch also, each of these 
rings had an inner-surface radius r-15.82 inches. Listed also in Table 8 are 
the Aechanical property data (373 for the ACIPCO-supplied 4130 cast steel 
batch from which these containment rings were made. 
Since the geometry of the J65 rotor is different from that of the 
previously-discussed T58 rotor (that is, a simple scale factor multiplying 
the geometry of the T58 rotor does not result in giving the dimensions of 
•
	
	 the J65), one can not make direct comparisons between these two sets of test 
results in a simple straightforward dimensionless variable sense. In addition, - 
the rotor-blade and disk materials for these two rotors are different. Also, 
the available data are too sparse to make any critical comparisons between 
these two sets of data- (T58 and J65). Hence, the present .365 data are dis-
played in plots similar to some of those discussed earlier for the T58, as 
follows: 
•	 -•-	 •-•• 
•	
-	 Figure No.	 Qantities 
45	 STFE vs. n 
46	 m/(nmf) vs.
	 for fixed a 
-.	 47	 h/r vs. (XE) /U for fixedot 
For these J65 slower, more-massive fragments and more-massive containment 
rings (than for the T58 tests), the U value used was estimated by assuming
•	 a (smalier) effective strain rate of 500 sec for the "mild steel-
ACIPCO 	 cast steel indicated in Table 8. Analogously',. 
o. = o,eoo (1 -,.I 0 J+ ) = ji,aoo s& 
(FQ 40,000,5% 000+ 2	 =14,320 
 AC-5	 L	 j 
Then, U is found by multiplying this value for U by the initial volume of 
material in the containment ring. 
Because of the relative paucity of the present containment ring test 
data for the 365, one can make only a few tentative observations, parallel-
ing those made concerning the T58 test data: 
(1) There is a minimum ratio of container thickness to ring inner 
radius (h/r) below which no containments are expected. This value 
appears to be 0.27 for the C-W J65 rotor fragments (Fig. 47). 
(2) A ratio of container width to fragment width of one (wJwF - 1.0) 
appears to be optimal for containment purposes. 
(3) There is a maxi mum value of translational fragment energy to 
maximum energy absorption capability of the container 
above which no containments can be expected. This value varies 
with the number of fragments involved in the impact but in all 
cases must be less than 1.0 (Fig. 46) since this is the theoretical 
limit where pure membrane behavior (maximum energy absorption) occurs. 
It is apparent from the brief study of the C-W 365 rotor impact data and the 
previously-reviewed GE T58 rotor impact data than an "optimal experimental 
process" can be carried out to find aontainment threshold. First, a contain-. 
ment ring equal in width to the fragment axial length should be chosen. Then 
the ring thickness should be varied increasing from a value at which the mass --
ratio is one (since this is the theoretical lower limit . of containment ring 
weight - pure membrane behavior) until a containment is achieved. This process. 
includes all three of the above-mentioned impact-interaction observations and 
should lead rapidly in experiments to the selection of a "light-weight" fragment 
container.	 . 
Note that under these assumptions-(admittedly rough), this ACIPCO material 
under the 365 test conditions appears to be -less tough than for the T58 
cases with either NP or ACIPCO material. It would act even les tough if 
the "effective strain rate" were smaller. See Tables 6 and 8. 
.	
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4.2.3
	 Supplementary 
-
Cements 
Typical engine rotor fragment velocities' have been estiMtel (see Ref. 42, 
11for example) as' the maximum. rim speed of a number of rotors to 
lie between 
about 400 and 1300 ft/sec.
	 This location was picked (42) si3ce the center of 
gravity of rim pieces with various numbers of attached blades would likely lie 
near this location - and these velocity Values" wouk! tend to be conserva-
tively large.	 Of coise, corrections can be made for fragments whose CG 
locations lie closer to or more distant from the axis of rotation.
	 'If the 
clearance between the containment ring and the blade tip were small, the 
velocity component of the fragment perpendicular to the impacted structure 
surface at initial impact would be reduced by the sine of the angle B between the trajectory 
and the tangent to the impacted surface; these sine values are 
typically well below 0.2.
	 Alternatively, consider, for example, the idealiza-
tion Of' the T58 tn-hub burst fragment as a nondeformabje circular disk as 
discussed in Subsection 3.2; in this case r
	
- 2.797 in and the ring inner- 
surface radius r - 7.50 in leads to incidence angles B (given by cosB-r/(r-r)) whose sines for rf
 -2.555 in and rf
 - 4.20 in are 0.825 and 0.531, respectively. 
These values, however, are rather large Compared with the incidence angles for 
• initial impact of Waded disk fragments in actual engines with "conventional 
tip clearance" between the blade and the casing.
	 Thus, for many situations 
the component of the velocity of the
-impacting fragment normal to the Contain-
ment structure may be expected to range from about 200 to 650 ft/sec
or less. In this range of impact velocities, fragments such as (1) bladed-disk fragments 
(37, for example] or (2) 1-inch diameter solid spheres impacting ductile metal 
(a) containment rings [37],
	 (b) beams [16],"and/or (c) panels 1211, respectively, 
produce a tensile-rupture type of local faUure pf. the containment Structure. 
No other types or containment-structure 
-aiiures -have been observed for 
•	 '	
'•
 
fragments of this type with this range of 
norma1-component impact' velocity.
	 It 
requires significantly higher impact velocities of "hard and compact" fragments 
ôrnissijès such as rigid rods, for example, to produce shear 
plug'failure (31, 
•
43-45 1 . atenin9 and stress-wave induced fcturing (palling) require very much 
higher-impact velocities still (31].
	 For all'pracUal'poses	 therefore; one 
is justified in restricting one's attention to the tensile mode of failure 
(rupture) insofar as aircraft engine rotor fragnent penetration 
Of ductile metal 
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contairment structures is c6r4cerned Aimost without exception, these oladed-disk 
fragments act as "readily deformable" during their early stages of impact-
.nteraction, and deceleration before the "effective fragment" reaches a more 
compact, -hard, and stiff state; the containment ring becomes load
 
over eda
"fairly large" circumferential region by each fragment and subsequent structural 
response ensues.
	 - 
Some supplementary information to substantiate the expectation that 
shear plug failures are unlikely for the postulated types of fragments and 
range of normal-component impact velocities may be of interest from impact 
studies reported, for example, by Rinehart 1313, Hagg and Sankey (43], Recht 
and Ipson (44], and Lethaby and Skidmore (451. Both tensile rupture and 
shear-plug failure modes are encountered in the "sub-ballistic velocity 
range", and are discussed in those studies. It has been known (31] for a 
very long time that a "plugging failure" will occur very early in the impact-
interaction-response process, whereas tensile rupture occurs very late in 
this process when the gross structural response of the slowly-responding 
structure "reaches a peak", roughly speaking. The following discussion, 
however, will be ccnfined to shear plug failure and criteria for its 
occurrence, and follows the Hagg and Sankey (43) description, Of particular 
interest is the normal component impact velocity v  below which no shear plug 
failure can occur and is given, according to simplified theory, by the follow-
ing inequality: 
K,2 pr	 0- Eft,\ >_krviç v	 ('1")	 (4.6) 
If if
 is large enough to violate this inequality, s.' . - ,r
 plug production is 
possible. Expression 4.6 means that plugging failure will occur if-the energi 
absOë.y the target structure's "impact-affected" region is less -:thaii the - 
energy 1ot dring an inelastic impact (e=O), where 
	
K	 `-is an experimentall 1'-determjned
 factor related to the shape of-: 
S 
-'the impacting face of the missile ( < K <
 
	
- h 	 is th thickness of the target structure (in) 
P	 is the shearing perimeter of the contact region between the 
• imPacting fragment and the target structure (in)

T	 is the dynamic ultimate shear strength of. the target (psi) 
represents approximately the energy absorption capacity of the 
structural material to failure, per unit initial volume 
V	 is the vole of the "impact-affected" portion of the structure 
is the mass of the fragment 
is the mass of the "impact-affected" portion of the structure 
'if	 is the impact velocity component perpendicular to the impacted 
surface 
f(mç ,m ) for an inelastic impact (23,43] is given by m /(m+m c	
C	 C 
Restricting attention for present illustrative purposes to a 2-d contairent 
ring or beam for which the width of the impacting fragment w  is equal to 
the width w of the Containment structure, one may write Eq. 4.6 (as an 
equality) as
2	 Zfw	
.t Kz-r
	 (_ c	 (47) 
Yn+fwc1/ 
where 3 is the mass per unit initial volune of the containment structure and 
2. is an as- yet-undetermined impact-affected spanwise length of the sti..icture.

	
Collecting terms and rewriting, Eq. 4.7 becomes	 -	 • 
[Ah2 + B ±ç}•=	 (4.8) 
where
	
2fwi'c.kz	 (4.8a) 
B= Z WC f	
- 
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The-solution-of--Eq.-4.8--is-given-by: 
(1) hO: Trivial Solution. 
or (2)	 2+>	 or 
- L	 s JL\1 _ 4 .-
	
z[ A V A 1	 A 
Since	 0, a pbysica.Uy-valid solution (h> 0) is possible only for C0: 
I'VC 	 1=0	 (4.9a) 
Thus, the plugging threshold impact velocity is independent of both t and L,_ 
and is given by
z 
v =	 (4.9b) 
Applying the Table 6 values for the NP-supplied 4130 cast steel, the 
plugging-threshold perpendicular-impact velocity Vf is estimated by this 
simple theory to be:
2(su,000)(.oS) 
V =	 = 4722 In/sec. f	 (.2g3)/(3.oq) 
if the static properties are used or 
2(11140)	 T 
v =	 = 7277 ,n/5ec. f	 (-283)1(384-0q) 
if the previously-discussed est imated dyni: properties are employed. The 
applicability of this analysis requires the missile to be essentially non-
deformable; thus one can not apply this when considering the Oreadily 
deformable blades of T58 bladed-disk fragments. However, if one considers. 
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.the paev ously-discussed idealized circular frAgments for the T58 tn-hub 
(n-3) burst, the perpendicular component of the impact velocity would be 
-4833 -aM -31-U.-in/secTfor rf
 - 2.255 and 4.20-in respectively - both of 
which are below this roughly-estimated threshold plugging condition. 
4.3 Illustrative Parmaetnjc Studies of Beam Response to Fr agment Impact 
In Subsection 4.1 a set of di mien
	 parterg
 whichcan be used 
to characterize the response . i f a conelret structure to impact attack by 
deformabje fragments such as .biaded-djsk fragments from  ruptured aircraft 
engine rotor was discussed; this set of-Parameters Wa.i then reduced to the 
case in which the. attacking fragments are rigid rather than deformable. Next, 
in Subsection 4.2 an examination was made in terms of suitable dimensionless 
and dimensional quantities of NAM experimental data on a restricted set of 
conditions involving aircraft engine rotor deformab1efraent impact attack 
against steel containment rings. Now in the present subsection, a similar 
examination will be made of experimental data on impact-induced response of 
a simple beam structure subjected to rigid-fragment (steel sphere) impact 
.	 attack; in addition, n*erical predictions of beam response to rigid-fragment - 
impact attack will be presented to illustrate the effects on the structural 
response of varying certain of the dimensionless parameters which can be used 
to characterize this problem.
	 - 
4.3.1 Dimensional Analysis of MIT-ASRi. Experiments oá Beam Response 
to Steel-Sphere Impact 
First, it should be recalled the subject MIT-ASpz experiments involved, 
Perpendicular impact of a 1.00-in-diameter steel sphere at the midspan-midwidth 
location of 6061-T651 alumi
num"containment" beams of thickness h-0.100-in. 
width w-l.50 in, and span X-8.00 in with both ends ideally clamped. In these 
experiments only the initial impact velocity of the steel sphere was varied 
in order to produce various degrees of peak structural response including 
rupture; as reported in Ref. 16, experiments and test specimens CB-9, CS-13, 
CB-18, CB-16 and CB-14 with steel sphere initial impact velocities ranging 
from 1900 tr 3075 in/sec permitted determining the initial impact velocity 
(or initial fragment kinetic energy) for threshold containment. The pertinent 
geometric, mass, and material property data are s'ari:ed in Table 9. Under
these fragment geometry and beam geometry impact conditions, the structural 
response of the bs was of 3-d character at and close to the point of midspen 
impact but appeared to be of 2-d character over the remaining (appr(-.t.]y 
70 per cent vol%wise)portionof_thsstructe. Rupture at the midspan 
impact station appeared to be governed by the 3-d structural response 
behavior produced there; this rupture was of tensile character rather than 
a shear-plug failure. 
With respect to a dlaensionless-pareter characterization of this sphere-
beam impact-interaction and response problem, one sight employ the set of 
dimensionless parameters discussed in Subsection 4.1.2 for containment-
structure response to rigid-fragment attack -. since the steel sphere 
reasonably qualifies as a comparatively rigid fragment in the present instance. 
The 18 parameters 0 ...	 cited in Subsection 4.1.2 need to be relabeled 
is appropriate for the present sphere-beam impact situation. First, since 
the same beam material was used throughout this test series, the dimensionless 
material parameters 01-c C. Bfc 83'c' 84 IU, 85e, B6c'0f and 
remain valid but are not variables. Next, the geometric parameters may be 
recast by using (a) the sphere A4 ter d to replace the previous (r+Lf) 
and/or 
w
  and (b) the beam span I. to replace r - to obtain relabeled 
parameters 0 ...	 as 88 n. 39-(t)/d, 810 h/d, 811-w/d, 012. h'L, 813-h/w, 
and 814 ".d/d; here again all but the last parameter remain meaningful but none 
are variables. Finally, the kinematic set of variables can also be recast 
by using the normal-to-the-surface impact velocity v of the non-rotating 
sphere to replace wfr and wf (r( +I f) thereby rewriting B ... is as 
B15 'rt),'h, 816c'017(a IC )/(p v2), 818 z/h where B18 is an 
effects parameter - the ratio of the maximum deflection to the beam thick-
ness.
Note that the only independent variable is the initial impact velocity V. 
Bence, one may express 0 is, for example, as a function of the dimensionless 
variables 0 15 8j6 and 87: 
*	 2acl/2 
Note that the previously-cited criterion for shear plug failure V > ( f 
and the pertinent data cited in Table 9 indicates that for shear plug failure, 
the fragment velocity Vf . should be > 8400 in/sec - well beyond the range of 
test conditions needed to produce threshold rupture of the beam (16). 
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Next, if one is 
not interested in the time of occurrence of the maximum 
displacement Z, 8 5 
can be eliminated. Further, since only one beam material 
and one fragment material have been used, both 0 16	 8i are defined when 
v is specified; hence, one can regard 8 17 as being the only significant
 
Variable, thereby obtaining 
h (4. 10a) - 
for a final Cause-and-effect display. 
Alternatively, rather than using z/h as a measure of the ispact-j 
effects, one might elect to employ the maximum longitudinal upper-surface 
strain C. Hence, analogously one may write C
	 as a function of the only 
Significant variable 817:
max 
	
E	
=	 ( O 	
(4.l1
CO 
1'ax	 p,2 J 
instead-of displaying c	 as a function of 817 (a C)/(Qf v2), it ismax 
convenient to replace 8j7 by the ratio of the initial kinetic energy WE)
of the fragment (KE) f Vf (Qf
 v2)/2 to the ideaflzed azijum
 energy 
absorption index for the containment structure"	 as discussed in Sub-
section 4.2.1, where U - times the initial volume of contajument 
material and 
	
U =	
frY + —f'
"energy capacityN per
	 (4.12) 
	
2	
j	 unit initial volume 
Hence, one may write 
•1
V  is the volume of the fragment (steel sphere) material. 
. 
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In the sphere-beam impact experiments under discussion (16) transient 
strain measurements were made at variou.s spanwise stations for the upper 
and/or the lower surface of the beam. Steel-sphere impact occurred at 
midspan (x-0) on the lower surface. Although the spatially-maximum strain
 
occurred at the upper surface at or near station x-O, transient strain 
measurements were not made successfully there; however, successful measure-
ments of upper-surface transient strains were made, for ex"ple, at 
jxf - 0.6 in and lxi - 1.50 in on the beams cited in Table 9. Accordingly, 
the measured peak upper-surface longitudinal, strains y11 (denoted as £ for 
convenience) at stations lxi - 0.6 in and lxi 1.50 in are shown in Figs. 48a 
and 48b, respectively as a function of (XE) f/U. For convenient reference, 
the test/specimen, fragment velocity (XE) and (XE) f/Dc are tabulated below: 
a
. Test Fragment 
and Velocity (XE) (XE) 
Specimen v(in/sec) in-lb UC 
CB-9 1896 686 .0657 
CB- 13 2490 1183 .1133 
CB-18 294 1489 .1426 
cB-16 2868 1569 .1503 
cB-14 3075 1804 .1728
Remarks 
Small permanent deflection 
Moderate permanent deflection 
Large permanent deflection 
Slightly beyond threshold con-
tainment; specimen ruptured 
Well beyond threshold con-
taixent; specimen ruptured 
very early 
where U - U C x (beam vole) B 8700 (1.20 in 3) - 10,440 in-lb. Note in 
Figs. 48a and 48b that the measured peak strain at each of these stations 
increases with increasing (XE) f'c - for specimens cB-9. CB-13, and CB-18. 
However, under more severe impact, specimen rupture occurs and thereby 
releases the l0adi ngo which results in smaller peak strains at "remote 
87 0
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stations jxj 0.6 in and Jx - 1.50 in; this is particularly pronounced for 
specimen -14 which ruptured very early after initial Impact. 
-By.-Analogy-with-the- manner of presenting the NAPI'C data in Subsection 4.2 
to identify threshold containment, Pig. 49 depicts the present NIT-ASRL sphere-
beam-impact test results in terms of the ratio of bs (containment structure) 
mass to fragment mass versus () f/U0
 s fragment containment is represented by 
the symbol 0. and DOfl-COfltaArnt by NZO. 
Because fragment velocity was the only independent variable In the Raf. 
16 sphere-beam impact experiments, this essentially completes the display of 
the pertinent dimensionless data. Next, numerical, parametric 2-d studies which 
simultate in a restricted sense the sphere-beam impact problem will be 
discussed. 
4.3.2 Parametric Numerical Predictions 
It is convenient to use the sphere-beam impact problem to illustrate 
the use of the CIVM-JET 48 code for parametric numerical predictions because 
of (a) the sma l l number of variables which can be employed usefully in 
•	 studying this well-defined problem and (b) the relatively economical canputa-
tions required to obtain pertinent results. Recall, however, that the 
CIVM-JET 48 code applies strictly to problems involving 2-d behavior and 
structural response. Therefore, in applying this code to simulate the 
sphere-beam impact preblen, and particularly when one varies certain 
geometric and other problem parameters, changes in one parameter may imply 
changes in a number of other parameters. This matter must be kept in mind 
in defining the characterizing non-dimensional variables and fixed quantities 
for the following four illustrative cases considered here: 
Case A: Only the diameter of the impacting fragment is changed in a sequence 
of calculations (i.e., d-1.00, 1.25, and 1.75 in) but the fragment 
mass and the initial impact velocity are unchanged from the CB-18 
sphere-beam impact condition. 
Case B: The fragment mass and initial impact velocity are fixed at the CB-18 
values and d-1.00 in; the mass and the span of the alumin beam 
are fixed at the CB-18 values. Varied in a sequence of calculations 
is the ratio w C ./h of beam width to beam thickness to assess this 
effect on the peak impact-induced strain.
Case C: The fragment mass and initial impact velocity are fixed at the CB-l8 
values, d-1.00 in, and the span and width of the al,4r nim beam are 
fixed at L-'8.00 in and w1.50 in. Varied in a sequence of calcula-
tions is the thickness h of the beam to assess this effect on the 
peak impact-induced strain in the 2-d beam structure. 
Case D: The fragment mass and initial impact velocity are fixed at the -l8 
value, d-1.001. n, and the span and the thickness of the aluminum 
beam are fixed at L-8.00 in and h-0.100 - in. Varied in a sequence 
of calculations is the width w of the beam to assess this effect 
on the peak impact-induced strain in the 2-d beam structure. 
In all of tiese calculations, the beam with both ends ideally clamped was 
modeled, in accordance with the modeling guidelines established in Section 2, 
by 43 equal-length finite elements with 4 DOF/node, 3 spanwise and 4 depthwise 
Gaussian integration stations per element, and a fixed beam span of L-8.00 in. 
Also, the uniaxial
 stress-strain behavior of the beam material was represented 
via the mechanical sublayer model by the following Fit A stress-strain pairs: 
(c,c) - 41,000 psi, 0.0041; 45,000 psi, 0.0120; and 53,000 psi, 0.1000. The 
•	 material was regarded as behaving in an EL-SE fashion - insensitive to strain 
rate; hence, the material strain-rate parameters D and p are deleted. The 
beam initial mass per unit volume was taken as 0.25384 x
	 (lb-sec2) /in4. 
The impacts are treated as frictionless and locally perfectly elastic 
(coefficient of restitution e-1). 
Before discussing the numerical predictions obtained for cases A, B, C, 
and D it may be useful to review in a summarized fashion the pertinent 
dimensionless parameters and variables. First, returning for a mment to 
the experimental, sphere-beam impact results discussed in Subsection 4.3.1, 
the previously-discussed parameters for that 3-d structural response problem 
are listed for convenient reference and comparison in Table 10 where the set 
of 18 Nusually significant parameters "
 has been reduced to 17 since the 
attacking fragment has only one significant dimension: its Ai ter for 
that experimental situation wherein only the peak strain (or threshold 
rupture) was of interest, only one significant variable was present while 
all other parameters renamed at fixed values. 
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• Shown also in Table 10 are the corresponding diRion ionless parst.rs 
when one attempts to simulate the 3-4 spbare-befa impact problemby the use 
of the 2-4 CIVIl-JET 40 computer cods for each o 
the cases A. B, C, and D. For 
the 2-4 simulation, the 
fragment my be regarded as a rigid circ1lar disk of 
diameter 4 and width Wf rather than beii	 -sphere. Hence, 
if one varies the 
fragment diameter while keeping the fragment mass constant (as in Cases A, B, C 
and 0), one may envision this as being accomplished by (a) prescribing the. 
fragment width w to match the beam width w and requiring the fragment mass 
per unit vol'e Pf to change accordingly or (b) keeping Qf
 fixed and envision 
Lag Vf to change appropriately while stipulating at the same 
time that both 
E
	
	 effect 
,
upon the mericailY predicted 
wjwf and 814 wf/d must ave  
response; the 
latter is satisfied automaticallY by the basic ingredients of 
the 2-4 CIVIl-JET 4$ code. Hence, this latter view is adapted in the Case A. 
B, C, and D studies. Indicated in Table 10 for each of these tee cases are 
the dimensionless parameters which remain fixed and those which vary. In 
accordance with the preceding discussion, the following are the case-bYcase 
variables and the result of primary interest: 
variables 
case	 primary secondary
primary Result 
A	 89 -L/ d - 8	
- 18	 c max 
B	 813 1'Ic 810h/d
B	 - c 18 
812 - h/t 
C	 812 h/i Bio -	
d B	 - c18	 max 
813 - h/w 
D	 013 c
8W/Vf le 	 max
The results for each of these four cases are discussed separately in the 
following subsections. 
4.3.2.1 Fragment Diameter Effects on Beam structural Response 
For Case A, the effects of various fragment diameters d-1.0. 1.25. and 
1.75 in for the CB-18 conditions of impact velocity and kinetic energy (KE) 
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are shown in Pig. 50 for lower-surface impact occurring at the midspan 
station x-O: a calculation time step size At of 0.5 microsecond was used. 
Shown in Figs. 50. alid SOb are the predicted upper-surface longitudinal 
strains-y11 -at--stationsx-O and x'O:6in, respectively, as a function of time 
after initial impact. At each of these two illustrative locations there is 
very little difference between the predicted peak strains produced by impact-
ing fragments of postulated diameters of 1.00, 1.25, and 1.75 in - because 
of the fact that for the given level of initial KE attack, the peak response 
Of the beam near midspan is such that the smallest radius of curvature of 
the beam exceeds that of each of these attacking fragments. However, under 
- more severe impact attack, it is evident that at and near midspan the beam 
could deform enough so that the beam's least radius of curvature could 
approach or attempt to become less that that of the non-deformable attacking 
fragment; in the latter instance the fragment could interfere with or inhibit 
the beam from incurring sich large bending (and membrane) strains as would 
occur under the same severe initial KE attack from a sufficiently small 
diameter fragment. 
For the CB-18 level of initial XE attack, one would need to postulate 
an idealized fragment diameter equal perhaps to the beam span L in order to 
influence the peak impact-induced strain or deflection response of the beam. 
4.3.2.2 Effects of Width-to-Thickness Ratio on the Response of a 
Beam of Fixed Span and Mass 
For this Case B study, the reference aluminum containment beam has 
dimensions h-0.10 in, w1.5O in, and Z-8.00 in and is subjected to the CB-18 
initial kinetic energy conditions of rigid-fragment impact attack. Examined 
here is the effect upon the beam's predicted transient and peak responses of 
varying the ratio Wc/h of the containment beam width w c to the thickness h 
while preserving the cross-sectional area so as to maintain fixed the total 
mass of the beam. The following summarizes the geometric combinations 
studied, the reference calculation time step size (tat) r' and the At actually 
used:
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Time Step Sire 
Case v (In) M in) w ./h	 t,w	 u	 *	 '	 i 8J . 2
 AtUsed I	 c	 C	 o max
max 
(rad/sec)
	 (Used)	 (Iza.c) 81	 .50	 .30	 1.67	 16	
.577	
.27	 .30 82	 1.00	 .15	 6.67	 8	
.289	
.55	 .50 B3	 1.50	 .10	 15	 5.33	 233	
.66	 .50 B4	 2.00	
.075 26.67	 4	
.233	
.68 B5	 3.00	 .050	 60	 2.67	
.233	
.68
	 .50 
Here one might ask - for a given impact attack, containment beam span, and 
total beam mass, what ratio 
"0/h would provide the best contaiient potential 
(or the smallest peak strain)? 
For the Postulated CB-18-level of impact attack and an idealized fraeit 
diameter of 1.0 in, the predicted peak midsurface strain (also called 
--membrane 
strain) and the predicted peak Upper-surface longitudinalstrain 
(y11) midspan Station z-0 are shown in Pig. Sin as a function of w/h. The djffer_
 ence between these two 
values represents the bending contribution to the 
Upper-surface strain, it is seen that not on].:' does the upper-surface peak 
strain increase as we/h
 decreases (toward narrower and thicker beam a) but 
also the bending contribution to that peak Upper-face strain becomes .a 
larger fraction of the total; further, the peak membrane Strain appears to 
reach a maximum near wJh - 10 and t hen decreases for smaller values of w/h. 
Thus, it appears from Pig. Sla that the contaizent beam structure which 
leads to the smallest peak strain is that with the largest ratio 
we/h - which means a wide and thin beam. However , the present CIV*-JET 48 calcula-
tions are not valid for large w/h or small £/w because the 
structure behaves in a Platelike manner with significa
ntbiaxial stresses whereas the computer 
code ingredients 
assume a beamlike state of uniaxial stress. Also, as pointed 
It by 
Tlmoshenko [46] for elastic behavior and Jones [47] for elastic_pti0 
behavior of w .formly-1oed 'beams, the deflection behavior deviates signif- 
icantly from that for a narrow beam for aspect ratios £/w less than about 
	
2. Hence, the Fig. 51 predictions of upper-surface (Y..)
	 at x"O should be paid little heed for v/h> 40.
	
JLl max 
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Another nlimitationm on the wide-beam results may be described as 
follows. For the present 2-d simulation of the sphere-beam impact problem, 
the idealized fragment of given d iameter may be visualized most properly as 
a circular cylinder of width Vf match' ng the beam width w, with a density. 
cKnged appropriately to preserve the given total fragment mass. On the 
other hand, one may visualize the idealized fragment to consist of a circular 
disk of given material density, diameter, and fixed width Wf such that the 
total mass matches that of the reference fragment. However, there are no 
means by which the ama11 width wf
 of the latter fragment can be recognized 
by the 2-d cIvM-JET 43 code, although this latter fragment simulates more 
closely the physical sphere-beam impact situation vhichhibits decisive 
3-d features. Thus, one can not expect a 2-d structural response code such 
as CIVM-3E1 4B to provide realistic predictions of threshold containment for 
fragments which produce significant 3-d structural behavior of the impacted 
structure. 
Shown also .in Fig. 5i.a is the maximum upper-surface strain at beam 
station x-1.50 in as a function of wjh; the peak deflection at station xz0 
is shown in Fig. 5Th as a function of wh. Both of these quantities are 
• seen to be rather insensitive to wjh for this fixed initial-kinetic-energy 
impact attack. 
Note that in this Case B study the cross-sectional area is kept constant 
as va/h is varied. Thus, the extensional stiffness is the same for all cases 
but the bending stiffness increases rapidly as w0/h decreases. Thus, it may 
be of some interest to examine the time histories of the predicted upper-
surface strain at the midspan impact station x'0 and at a station a short 
distance from the impact station: x-1.50 in; these results are shown in 
Figs. 52a and 52b, respectively, it is seen that at station x'0, the maxs.mum 
strain is predicted to occur earlier for the narrower and deeper beams. A 
similar but less distinct trend is observed for station x-1.50 in; however, 
the rn,r4,m,m strain predicted at remote" station x-1.50 in is almost 
ind.:?endent of v/h whereas the peak strain at x='O (in the immediate impact-
affected region where the beam acquires a velocity increment frcm each of a 
succession of fragment impacts) depends significantly upon W,/h. This 
93
0	 -. 
response insensitivity to w0/h is expected at stations jxj >2 Leff for the 
postulated fixed initial kinetic energy impact attack, in accordance with 
St. Venant' a Princiçle; station x-1.50 in q" l ' tins in this sense since from	 - - 
the equation Leff	 t(E/p) '2, Leff is estimated to be approximately .060, 
.099, .099, .099, and .099 in for Cases BI through B5, respectively. In view 
of these Leff values, only the nodes bounding the center Impacted element 
receive impact-imparted velocity increments; there are 7 nodal stations 
between the nearest node receiving impact-induced velocity increments and 
station x-l. 50 in. 
It is perhaps useful at this point to r emi nd the-reader of the necessity 
of employing a sufficiently small time step size At for nerical predictions 
of nonlinear impact-induced; transient structural response — such as the use 
of the CIVM-JET 43 computer program. In carrying out the predictions for 
Case 34 .(w/h26. 67, w2.00 in, and h-0.075 in), a At value of 0.75 micro-
seconds was tried; this is somewhat larger than the nomi nal guideline for 
selecting an appropriate At for this computer program: (tat) < 0.8 (2/u) 
0.68 usec. Hence, At-.75 usec corresponds to 0.88 (2/w max).
 
For this case: 
(1) an unrealistically large value of	 was predicted at x=0 and (2) at
max 
and near the time of this 	 there was a severe spatial variation of 
upper-surface y along the center impacted-element, whereas a sloi, spatial
Ll 
variation-- is-expected physically and is observed in well-behaved computer 
runs. Thus, the -use of a too large At was suspeted. Accordingly, the At 
was reduced to a convenient value of 0.50 microsecond, and the calculation 
was repeated; this resulted in well-behaved predictions, and the peak y at 
x0 was plausible as seen on Fig. 51. 
In view of the erratic results obtained for Case 84 when tt0. 75 1isec 
- • 88 (21w), the extensive printed-out results for Case Bl were studied 
carefully since tt=0. 30 usec .89 (2/Wnax) was used. For the latter case 
no evidence of erratic behavior was found- However, based upon the rather 
extensive set of calculations carried out in the present study, as well as 
in prior studies, it is concluded that restricting At such that At < 0.8 
-	
(21w) will lead to auzneri'ailv reliable transient large-deflection elastic-

plastic structural response predictions of simple beam/ring structures when 
00.	
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.the timewise central-difference operator is used (as in Cfl'M-J 4B, JET -3a, 
and 4ET 3C)'. To date, Comp
utational blow-up has never been enc ounted when 
one Jhoses t < 0.8 (2/u). 
4.3.2.3 Effect of Beam Thickness on the Response of - a Seam of Fixed 
Width and Span
	
1 
To be discussed here are the results for Case C wherein the impacting 
fragment has a fixed mass and fragment diameter (d-1.00 in) and a given 
initial impact velocity which matches the CB-18 sphere-beam impact experiment. 
The span and the width of the aluminum containment beam are held fixed with 
Z=8.00 in and w=1. 5C in. Varied in a sequence of calculations is the thick-
ness h of the beam to assess this effect on the peak impact-induced Strain 
in this 2-'d beam stricture; a time step size At of ".5 microsecond was used 
for all calcu1atjs. When h is varied, the result is a change in (a) the 
beam mass per unit span, (b) the extensional stiffness, and (c) the bending 
stiffness of the beam, but these stiffnesses do not change in the same propor-
tion. Table 10 indicates the dimensionless pacameters which remain fixed and 
those which vary under these Case C conditions. 
.
	
	 If one confines attention to only peak-response results (irrespective

of when the peak occurs), the principal dimensionless variables reduce to 
three: $10=h/d, 312=h/9., and 813=h/w. -Since d, 9., and w are held constant, 
each of these variables varies Proportionally to h. Hence, for convenience, - 
the peak response results: (a) (Y11 ) at the midsurface and at the upper 
surface and (b) peak deflection w/Z, both at the midspari impact station x=0 
are shown in Fig. 53 as a function of beam thickness h. For this selected 
limited range of beam thickness, the peak values of total strain, membrane 
strain, and midspan deflection all vary linearly with h. 
The result for h=0.10 in represents a 2-d simulation of the CB-18 sphere-
beam impact result; the experimental CS-18 sphere-beam impact case involved 
an im-act severity and acc.,mpanying significant 3-d beam response (near the 
impact station) verging on material rupture. For the 2-d Simulation b y the 
CIVM-JET 45 code (and the modeling employed), the predicted p&- strains must 
be less than those produced in the actual CB-18 3-d response case. However, 
for discussion purposes it will be assumed that the peak upper-surface strain 
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predicted by this 2-d model represents the Ocontainment threshold" value that 
•	 can Ype used to judge whether or not a given 2-d beam under 2-d fragment attack 
can or can not contain the attacktng fragment. Accordingly, that "critical 
• y value is selected as 16 per ceit. In turn this means, of course, that 
•	 the th{Tmr beam .(li=. 075 in) would have ruptured but the thicker beam (h-.15 in) 
would not since its
	
	 at x0 did not exceed 12 percent. 
1.1 max 
One can regard this set of Case C calculations as simulating numerically 
the procedure used in the NPIPTC containment tests Wherein containment rings 
•	 of fixed inner-surf- ce radius and fixed width were varied in thickness and 
then subjected to a given fragment attack (fixed number, mass, and initial 
kinetic energy) to det ri i e experimentally
 the thickness for threshold contain-
ment. Hence, if desired, one may display the present results in a fashion 
analogous to Fig. 42 for the NPTC results; namely, displayed in Fig. 54 are 
the present predictions in .
 terms of the ratio of beam mass to fragment mass 
versus the ratio (KE)fllJ of fragment initial kinetic energy (1489 in-1.b) to 
the containment structure energy absorption index U. As noted earlier 0cc 
time the vole of the beam material and u is 8700 (in-1.b) un3. For conven-
ient reference, the quantities characterizing the Case C calculations are: 
Case	 a	 h/d	 h/v	 h/i	 'V	 %	 )f RemarksC 	 C3	
u 
	
(in)	 f	 c	 . 
	
Cl	 .075 .075 .050 .0094 0.90
	 .6 .190	 Did not 
contain 
	
C2	 .10	 .10	 .067 .0125 1.20
	 .8 .143
	 Containment 
Threshold 
	
C3	 .15	 .15	 .10	 .019	 1.80 1.2 .095	 Contained 
Included for convenient reference in Fig. 54 are the data points corresponding 
to the Ref. 16 sphere-beam impact experiments; the symbols 0 and X mean, 
respectively, that the fragment was contained or not contained. Simi lr1y, 
the symbols a and + mean that the predictions (Cases Cl, C2, and C3) indicate, 
respectively, containment or non-con' rent for the -18 level of kinetic 
energy attack. 
S	
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•	 It is evident that one could carry out CIVM-JET 43 calculations to 
determine the beam thickness h required for threshold containment of other 
values of single-fragment kinetic energy midspan attack such as, for 
the CB-9 or the CB-14 values of 686 or 1804 in-lb on aluminum containment	 V 
beams of 1.50-in width and 8.00-in span. For these cases it would be 	 V 
postulated that the selected critical Y of 16 per cent for threshold 	 V 
containment applies. 
It should be noted that the Case C ranges of beam dimensions are such 
that the structure should exhibit beamlike behavior (rather than platelike 
behavior) as the computer code employed asses. 
4.3.2.4 Effect of Beam Width on the Response of a Beam of Fixed 
Thickness and Span 
To be discussed here are the results for Case 0 wherein the impacting 
fragment has a fixed mass and diameter (d-1.00 in) and a given initial 
velocity which matches the CB-18 sphere-beam impact experiment. The span 
and the thickness of the aluminum containment beam are held fixed with 	
V 
R.8. 00 in and h-0.100 in. Varied in a sequence of calculations is the 
width, w, of the beam in order to assess this effect on the peak impact- 	 V 	 V V 
induced strain in this 2-d beam structure. Note than when w is changed.	 V 
the membrane stiffness and the bending stiffness are changed by the same 
percentage: jw/u; also, a change in w results in a change in the beam	 V 
mass per unit span. For these calculations a time step size At of 0.5 micro-
second was employed. Table 10 indicates the dimensionless parameters which 
remain fixed and those which vary under the Case 0 conditions. 
If one confines attention to only peak-response results (irrespective 
of when the peak occurs), the principal dimensionless variables reduce to 
two: 6 1w/wf and S 1fh/w0; since only 2-d behavior is dealt with in the 
calculations, Sifh/Wc becomes the only meaningful dimensionless variable. 
For convenience • therefore, the peak response results: (a) the midsurface 
and the upper-surface values of Iimas and (b) the peak deflection w/Q, 
both at the midspan impact station x0 are shown in Fig. 55 as a function of 
containment beam width w. For this limited range of w values (from 1.125 in 
to 2.25 in) • the peak value of midspan deflection varies linearly with w, 
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but the membrane and outer surface peak strains show a concave upwards 
relationship as the widt) decreases. This effect occurs because of the - 
increase in curvature at peak deflection as w decreases, -and-with-a-constant 
thickness, h0, the bending strain will increase. 
As w varies,-the mass' per unit span of the aluminum beam varies. Thus, 
for a given fragment impact velocity, the velocity imparted to the impact-
affected spamiise region of the beam will, vary with w accordingly, with the 
result that the orate of absorption of the fragment's kinetic energy" as a 
function of time will also vary significantly with w as shown in Fig. 56. 
Both this subsection and Subsection 4.3.2.3 have dealt with the effects 
of varying 'the beam mass by varying either the beam width w or the beam 
thickness, h, respectively, while holding the fragment properties constant. 
Figure 57 is a composite of Figs. 53 and 55 showing the effects on peak mid-
span deflections and peak outer-surface and membrane strains as the mass per 
unit span is varied (by varying either the width or the thickness). At 
equivalent values of beam mass per unit span, the b.;o results show the effects 
•	 of varying the beam cross-sectional area. Referring to Fig. 51 in which five 
values of are plotted for a constant beam mass, the effects of varying 
the beam cross sectional aspect ratio are illustrated and apply directly to 
the results of Fig. 57. In Fig. 57 there are two mass-variation plots, one 
for a variable thickness and the other for a variable width- -as tabulated in 
the following:
Thickness variation	 Width Variation 
w - constant - 1.5 in	 h = constant - 0.1 in 
C
h	 w /h w. h-A	 w	 w /h	 w- h-A C	 c c	 c	 c	 c C 
0.075	 20	 .113	 1.125	 11.25 . .113 
0.100	 15	 .150	 1.500	 15.0	 .150 
0.150	 10	 .225	 2.250	 25.5	 .225 
From this tabulation it is noted that there are three values of beam cross 
sectional area, A ; at each value of A there are two values of w /h corres- 
ponding to a variation in thickness or  variation in width. For 	 - .113 in2 
._'.	 .	 -	
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the smaller value of v/h produced by varying only the width produces higher 
peak strainli, which is expected from e uiYtIrIg Fig. 57. For an increase in 
to • 225 in2 (or an increased	 s) the *i-1est value-of-v/h-i1-attaifled-
by a thickness variation. The. peak strain is slightly larger than eat 
attained by varying the -width but the increase in strain is not as large as 
would be expected from an .v*iit4i*tiOfl of Fig. 51. An explantion of this is 
readily attainable by noting that the relative change in slope of max 
vs. v/h as seen in Fig. 51 is dependent upon the magnitude of A0(% - w.h). 
It is likely that as A0 decreases, the change in slope will increaie, while 
for an increasing A the effects of :varying the aspect ratio will not be as 
great as that shown in Pig. 51. 
All of the parametric variations examined above were performed numeri-
cally on contaizment beams which were expected to ' demonstrate largely 2-d 
deformations. The principal result of the studies conducted in this subsec-
tion and in Subsection 4.3.2.3 is the demonstration of the effects of varia-
tions both (a) mass per unit span and (b) aspect ratio, and their interde-
pendency. 
4.3.2.5 comments on Scaling Effects on Beam 2-D Structural Response 
Let attention be restricted to a Ocontainment beam of appropriate 
structural proportions. and/or proportions in relation to the impacting 
fragment(s) such that 2-d structural response will ensue. Further, let the 
cponent of the velocity of the impacting fragment normal to the impacted 
surface be large enough to produce large-deflection elastic-plastic transient 
structural response (up to, perhaps, tensile rupture) but small enough to 
avoid the "shear plug type of failure. Within this 2-d structure and 2-d 
impacting-fragment framework the CIVM-ET 4B computer code can provide 
reasonable estimates of the transient structural responses (within its 
specified domain of validity) of single-layer 2-d containment beams. 
Impact attack against a given target structure may be characterized by 
U) the time-zero location or the spanwise station and time of initial impact 
of each of the n attacking fragments as well as (2) the following data on 
each impacting fragment: (a) mass, (b) mass moment of inertia, (c) components 
of translational velocity, (d) rotational velocity, and (e) size of each 
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zed nondeformable fragment; these fragments are required in the present 
code not to interfere with each other. The resulting structural response for 
a given (postulated) attack can be computed readily, but the effect of_ch&ng-
Log one of the many variables in this u-fragment attack is not readily deter-
m1r4 in this highly nonlinear problem except from direct calculations. 
However, if one confines attention to a single-fragment perpendicular-impact 
attack at a given spanvise station of the structuri, one may assess more 
readily the effect upon the fft4m predicted strain in the COfl1wnt 
structure of .'oderate changes of (a) the cross-setjonal dimensions of the 
2-d structure and/or (h) the kinetic energy (via mass and/or pre-impact 
velocity) and/or size of the idealized attacking fragment. Hence, it is to 
this restricted set of conditions that the following observations are directed. 
For the postulated single-fragment impact attack (that is, a fragment of 
given diameter, sass, and perpendicular-impact velocity) against, for axarnple, 
a Contai nment beam of given material, of given span, width, and thickness, 
and having both ends ideally clasped, the location and value of the maxizman 
extensional strain predicted will depend upon the spanwise location of the 
initial fragment-beam contact. If d<<<t, midspan impact will result in having 
W	 (y11)	 occur at midspan - and Or=_turem
 at that station can be expected ifmax 
the pre-impact (KE) is sufficiently large. However, if initial fragment-
beam contact occurs between midspan and a clamped end,
-the maximum strain 
will, in general, no longer occur at the spanwise station of initial impact; 
as the initial-impact spanwise station approaches one end from midspan, the 
location of (y11)	 is expected to shift rapidlyM
 toward and to remain verymax 
close to the clasped end. Accordingly, it is necessary to consider single-
fragment impact at only a fixed spaia'ise station in order to assess readily 
the effects of beam and fragment parameter changes upon the peak strain 
produced in the structure. For this purpose, therefore, let attention be 
confined to midspan perpendicular impact against a given beam by a single 
non-rotating idealized fragment. 
*
It should be noted that the 43 equal-length finite element modeling of the 
beam by elements with 4 DOF/node is inadequate to represent accurately the 
strain behavior near the clamped end. A much finer finite-element mesh is 
needed near a clamped end to provide reasonable strain predictions in that 
region; this, however, will result in a much larger wmax and an attendant 
required smaller At for the tirnewise solution by CIVM-JET 4B. 
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With respect to the fragment itself, its modeled behavior may be 
described in terms of 3 quantities: A ' ter, mass, and velocity. First, 
assuming that the containment beam has been-ecdeled-by-a-sufficient-niher-of 
(uniform-length) finite elements so that "converged structural response" can 
be realized both from (a) basic structural modeling requirements and (b) an 
adequate description of the local impact-interaction "momentum transfer" 
behavior, it has been shown earlier that fragment diameter has a "negligible 
effect" upon 11 max for small 	 however, for a () fo large enough 
to produce large deflections and substantial changes of curvature of the beam, 
a large-diameter fragment can constrain the structure and thereby change 
significantly both the spanwise distribution of (rll) and the value-and-
location of (y11)1,. On the other hand, if the idealized fragment diameter 
is very small , neither the spanwise distribition of peak y nor (y11) 
will change since no fragment-beam constraint occurs and the basic finite-
element modeling of the structure will leave unchanged the value and the 
spanwise distribution of locally-imparted velocity changes experienced by 
the beam from a fragment-beam impact - for sufficiently small diameter values 
- of the idealized fragment. 
Hence, let the structure be modeled adequately and the idealized fragment 
diameter be properly small  in the above sense. In that event, the remaining 
"fragment variables" (mass and velocity) cam-be---represented by only one 
significant (and scaler) quantity: 	 fO' the pro-impact kinetic energy of 
the fragment. Thus, one can evaluate (y11)	 as a function of	 fo'c 
for the postulated containment beam of fixed h, w, • 
It would be interesting and instructive to see if the energy ratio 
fo'c for threshold containment (based upon producing a (y11)	 of 16 
per cent) by a beam of fixed span Z-8.00 in and width w-l.5O in but changed 
thickness would be the same for various values of initial fragment kinetic 
energy (KE) fo or would change somewhat, since the only changes would be in 
(a) the beam thickness h and (b) the initial 2-d fragment kinetic energy or 
velocity (since a fragment of fixed mass is employed). Accordingly, the 
following calculations were carried out by modeling the beam with 43 equal-
length 4 DOF/node elements and using an idealized fragment diameter of 1.00 in 
with a fixed mass of 0.315 x 10 	 (lb-sec2)/in: 
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.Spanwise Length (in) of 
Case * h
Impactffted Zone, L (in) (XE) (ICE)	 Al Used in 43-
eff 
P1aUsj.b1 (in-lb) Element Model Value - 2h 
C4 .046 686
.143
.186 
Cs	 C2 .100 1489
.143
.092 
C6
.121 1804
.143
.186
.200 
C7
.200 2978
.143
.186
.242 
C8
.200 2978
.143
.186
.400 
.400	
- .400
Note that Case CS (the same as C2) represents the nominal CB-18 beam 
geometry 
and impact conditions and also serves as the "2-d threshold containment 
reference" corresponding to (y11)
	 at x'0 of 16 per cent and (XE) f /UO. 143.max
 For this given energy ratio and the indicated values of (XE) fo ranging from 
686 (CB-9) to 2978 in-lb (which is double the CB-18 reference value), the 
associated beam thicknesses were d
etermined - ranging from 0.046 to • 200 in. 
For Cases C4 through C7, the beam was assumed to experience velocity incre-
ments imparted by fragment impact only at the end nodes of the centez, element 
which the fragment impacts at midspan; this means that the region being used in these calculations as the impact-affected length is the distance from the 
impact point to the midspan of the next el'.mert -- which is a distance of 
0.186 in. On the other hand, as argued in Subsection 2.2, a Physically 
plausible estimate for this impa
ct-affected length is about 2h. Hence, Cases 
C5 and C6 are reasonable in this regard but Cases C4 and C7 involve "unreason-
able Leff values". The consequences of this particular "choice" for L ff in 
Cases C4-c7 are shown in Figs. 58a and 58b for the time history, 
respectively, 
of (a) upper surface Strain at the midspan station xO and (b) fragment kinetic 
energy loss ratio ((XE) fo - (
	 1/ (XE) fo -- or energy ratio tr 
the beam --
	
ansfed to where
	 fo and WE) represent, respectively, the initial and 
the current kinetic energy of the fragment. Both of these time 
histories 
are very similar for Cases C5 and C6, but those for Cases C4 and C7 are very 
different; the value of (y11 )	
and its time of occurrence are quite similarmax between 
Cases CS and C6 but are distinctly different for Cases C4 and C7. 
*
Nominal values for h are used here for the sake of convenience 
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The improper effective-length modeling for Cases C4 and C7 could be 
remedied by using finite elements of different and appropriate length for a 
spanwjse region centered about the midapan impact point. For Case C4 this 
would mean using elements of about 0.092-in length in the central region and, 
for efficiency, -longer elements for the remainder of the beam. On the other 
hand , Case C7 could be Oremediedw
 without ch&Ming - from changing—from the present 43 equal-
length element model by distributing the imparted velocity increments to the 
4 rather than the 
. 2 nodes nearest to the midspan impact point; this rather 
convenient and simple change has been used in carrying out Case CS where the 
Leff used is :
,: 0.40 in compared with the physically plausible estimate* of 
040 in (!2h).. The results from Cases C7 and C8 are compared in Fig. 59 
(which corresponds to Fig. 58a). 
In Fig. 59 the peak strain of Case CS is greater than for Cane C7 (which 
are identical numerical examples except for a variation of the"impact-affected 
length). It would be expected that as the impact-affected length is increased, 
the effects of the impact interaction would be spread over a greater region 
and reduce the peak strain noted at the point of impact. However, as the 
impact-affected length Leff increases, the mass of the beam in the impact-
affected region increases; for the 
. CM (collision imparted velocity method) 
scheme of subimpact momentum transfer (Appendix A), the-amount of kinetic 
energy transferred to the beam increases during each subimpact. This may be 
-- seen more readily from the following tabulation and sketch which depicts for 
the present 43 equal-element example: 
(a) impact occurring at the center of the element centered at beam 
midspan, 
(b) the adjacent equal-length elements, 
(c) various values of assumed impact-affected length 
Leff expressed 
in terms of element length, 
Cd) the number of associated impact-affected nodes on one side of 
rn.idspan according to Leff itself and according tO * CIVM-JET 4B logic, 
(e) the total, kinetic energy transferred to the beam in a single (first) 
impact ratioed to the pre-impact fragment kinetic energy
	 fo for 
(1.) the entire impact-affected beam region and 
(2) only the center 2-element region associated with the two nodes 
on either side of the m.idspan impact point, and
	 -	 - 
• .
 
-see pages 17-19 and Fig. 10.
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(f) the ratio of item (2) to item (1) expressed as per cent: 
L	
-
	 Leff
	
Element
eff
Length 
-	 Two Nearest 
_J''	 I	 Mid-span Impact Point Nodes 
.
No. of Affected Ratio of XE transferred-	 Per Cent to 
'	 I.	 Nodes on One	 :• to-Bean to (XE) fo for	 Region of (	 eff	 Side of MidspanH First Impact	 Two Nearest 
To Entire	 To Two Nearest	 Nodes 
(E1em. Leth) By 
Leff By Code
Beam	 Nodes 
0 to 1
	 1 -	 1 .250 .250	 lao 
1 to 1.5
	 2 1 .250 .250	 100 
1.6	 2 2 .289 .265	 91.6 
1.8	 2 2 .340 .276	 81.2 
2.0	 2 2 .370 .278	 75.0 
2.2	 3 2 .390 .276	 70.8 
2.4	 3 2 .401 .272	 67.8 
2.5	 3 3 .406 .270	 66.6 
2.6	 3 3 .430 .273	 63.6 
2.8	 3 3 .463 .273	 59.0 
3.0	 3 3 .490 .271	 55.4 
3.2	 4 3 .508 .268	 52.8
It is readily seen that the central portion of the beam surrounding the 
point of impact received more kinetic energy for Case C8 during -the first 
subimpact when the effective length is chosen as two times the beam thickness 
than for Case 7. This tends to increase the peak strain predicted at the 
impact location. 
A similar kinetic energy transfer calculation was carried out for Case C4 
with the present element length and for a reduced element length. The initial 
*
Note that this value for Cases Cl through C7 is .532 and for Case C8 is 2.09. 
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•	 energy absorption ratio for the central two element region with the present 
element length (0.186 in) is 0.066 while for the reduced element length 
(0.092 in) the ratio would be 0.034. This would result in a large decrease 
in the rate of absorbed kinetic energy, which will lower the peak strain. 
The ratio of container width to thickness, wh, was not preserved
	 - - 
during this study. It is conceivable for scaling purposes to vary the mass 
per unit span by varying the beam width and holding the thickness constant. 
For a given mass or cross sectional area, A0, . the containment beam will have 
two different aspect ratios, w/h, for a single mass value by the variation 
of either the thickness or the width' and holding the other two dimensions 
constant. Referring to Figs. 51 and 57, it ould bó expected that Case C4 
would attain higher peak strains if the width had been reduced rather than the 
thickness. However, from Fig. 57, a small decrease in peak strains is expected 
for Case C7 with an increased width. 
To this point in Subsection 4.3.2.5, a change in (K!) 
fo has been assumed 
to occur by a change in the fragment velocity V; the fragment mass m  has 
been assumed to be fixed. Alternatively, one could change 0fo by holding 
v fixed and changing mf. Suppose, for example, that
	 fo is increased by 
75 per cent over the CB-18 value by maintaining v-2794 in/sec but increasing 
mf
 by 75 per cent. On the basis of calculations already done for a contain-
ment beam of fixed span (1'8.00 in) how can one choose beam dimensions w and 
h such that (y11 )	 at midspan will be a pre-selected value such as the 16max 
per cent found for the basic CB-18 beam-fragment impact condition (Case C2 or 
CS)? For this endeavor, let it be assumed that a matching of (ICE) f0 /U shall 
be required -- thus defining the cross-sectional area wh as being 75 per 
cent greater than the CB-18 value of 0.15. This means, in turn, that the 
ratio of beam mass per unit length to fragment mass is exactly the same as 
in Cases C2 and CS for the CB-18 example itself. Further, if one requires 
that the ratio wjh to be the same as in the CB-18 beam (i.e., 15), one obtains 
•h=0.132 in and w-l.98 in. Hence, all of the dimensionless parameter values 
of the postulated example match exactly those of the CB-18 problem except for 
hit and wit; these two parameter values are sufficiently close to those for 
CB-18 that little effect is expected. Accordingly, one expects
	 for 11 max 
the proposed beam-fragment impact problem to match rather closely that of the 
CB-18 example (see Fig. Sla). The predictions if upper-surface y as a 
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.function of time at the midspan impact station x'O for these two cases are 
shown in Fig. 60, and con.fixms this expectation. 
It appears, therefore, that the scaling of one containment configuration 
to another' in order to contain a geometrically similar fragment can not be 
accomplished by merely scaling the volume of the beam to preserve the ratio 
of fragment kinetic energy to beam energy absorption capability 
Instead the proper scaling or preservation of the ratios of beam mass to frag-
ment mass and beam width to beam thickness must also be taken into account. 
4.4 Comments on Container Design 
The effects that various material, geometric, and kinematic "parameters 
have on a fragment-container impact-interaction have been discussed briefly 
in the preceding subsections of Section 4. Two sets of experimental data 
(MAPTC multi-fraqment impact on steel rings and MIT-ASRL single-steel-sphere 
impact on aluminum beams) were analyzed in order to identify some of the 
primary parametric effects. In addition, .a plausible 2-d numerical analysis 
was applied for-both of these experimental situations for a more extensive 
parameter-variation analysis. 
There is a basic difference between the numerical analysis carried out 
on the NAPTC fragment-ring impact data (Section 3 and Subsection 4.2) and the 
MIT-ASRL fragment-beam impact data (Subsection-4.3). The NAPTC fragment's 
initial impact angle is very different; all of the fragment-ring impacts 
occurred at oblique angles while all of the fragment-beam impacts occurred 
at normal (90 0 ) incidence angles. In order to make certain comparisons 
between these tio parametric studies, it is necessary to exami ne the effects 
that impact incidence angle has on the impact interaction. 
Figures 61a and 61b show the results of a fragment-beam impact inter-
action for a 60° initial impact incidence angle. The fragment and beam 
are geometrically identical to the CB-18 fragment-beam impact experiment 
described in Section 2 and in Subsection 4.3. The fragment is a rigid disk 
with a 1.0-in diameter. The double clamped 6061-T651 aluminum beam has a 
length of 8.0 in, a width of 1.5 in. and a thickness of 0.1 in. The CIVM-JET 4B 
computer code is used for the analysis with 43 equal-length finite elements 
to represent the beam and an EL-SH material approximation for the aluminum 
Based on a structure of fixed span as stated on page 105. 
.•	
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via the mechanical sublayàr model and stress-strain Fit A (see page 8). The 
fragment was allowed to impact the beam at the midspan location with a vertical 
velocity of 2794 in/sec and a tangential velocity of 1613.12 in/sec (total 
velocity of 3226.23 in/sec, a total kinetic energy of 1985 in-lbs 9
 and an 
initial incidence angle of 600
 measured from the tangent to the beam lower 
surface). The coefficient of friction,	 was set equal to zero (as was the 
case with all calculations reported in Subsection 4.3). Therefore, this 
fragment's translational kinetic energy component normal. to. the beam (1486 
in-lb)-is identical to the total translational kinetic energy used in the 
earlier normal impact calculations.
	 - 
Figure 61a is a time history of fragment trajectory angle 0. One set of 
data points corresponds to the present example of a 600 initial incidence 
angle. The second set of data points corresponds to the C3-18 normal impact 
incidence case. Note that both examples have identical preimpact normal 
velocities of 2794 in/sec and that fragment rebound occurs almost at the 
same time after initial impact (approx. TAII=650 microseconds). For the .600 
initial incidence angle the fragment is 0.97 in from the beam midspan location 
at the time of rebound. 
•
	
	 Figure 61h is an upper surface strain profile at TAII=655 microseconds 
for both the 600 and 90° initial incidence angle cases. This time corresponds 
to the time of peak transient response for the 600 case, is about 25 micro-
seconds before peak response for the 900 case, and is the approximate time 
of fragment rebound for both cases. Note that the 60 0
 case has a much wider 
region of significant beam deformation, but the peak strain is greater for 
the 900
 case.	 - 
The absolute peak strain predicted for the 90 0
 case is 0.16 which is 
the assumed threshold failure strain. In the 600 case the beam permanently 
absorbed a total of 1660 in-lb of energy while the beam in the 90 0
 case 
absorbed permanently only 1411 in-lb of energy. It is apparent from this 
study that the normal pre-impact velocity component is the most critical 
(for an interaction in which a negligibly small value of friction coefficient, 
ii, is used), and tha*. an analysis assuming a normal impact for the same 
initial total kinetic energy will be conservative. Therefore, parametric 
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effects on predicted peak strains that were identified from the analytical
 study of fragment-
	 normal impacts should also be applicable to fragment- ring oblique impacts.
	
- 
It should be noted that there are some basic deficiencies in the parametric - 
studies of Subsections 4.2 and 4.3 for fragment-ring and 
fragment-beam impact interactions AU of the parametric Studies assumed a constant container geometry. In none of the parametric evaluations was the cOntaLner thickness 
or width allowed to be a function of the circumferential location or span. 
Additionally ,, none of the studies considered the Possibility of fragment 
deflection (see Section 5) rather than total 
containment. However, these two 
additional Parameters (variable spanwi container geometry or fragment deflec-tion) both assi.me that a specific zone on the container will be impacted or 
that only a specific exterior region is to be protected. 
The Purpose of Section 4 is to identify the primary parameters affecting containment and in 
doing so it must be assumed that every region of the container's 
circumference or span has an equal probability of being impacted and that the entire exterior region needs to be protected. Consideration concerning what might be a high-Probability impact
-region or the protection of only specific exterior regions 
will vary widely based on fragment type, Container location, 
container geometry,, and many other problem dependent parameters. The analysis of Subsections 4.2 
and 4.3 is meant to be general" and applicable 
to
-amide variery of beam or ri
ng type containers. Not considered, however, was variable 
Spanwise geometry, f
ragment deflection or selective fragment penetration 
Having identified the most prominent Parameters affecting the Deaic re
sponse of a general ring-like or beam-like container, (assuming 2-d deforma-
tions, and restricti_sg oneself to small strain theory), how can these 
analysis techniques (empirical and analytical 
'ruwerjcaj) be applied to container 
design? First, two basic criteria upon which the design of an engine rotor 
container might be based should be identified; 
(1) A specified region needs to be protected. A fixed container
 
surface area is defined and for this geometry a minimumweight 
container needs to' be designed. 
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(2) A costing function" is applied to the air vehicle system and 
a fixed mass is allocated for containment purposes. A container 
material and geometry must then be decided upon to maximize the 
containment potential of this fixed-mass structure. 
A design program will most likely utilize both of these criteria during 
different stages of the design process. First, a fragment generation problem 
is identified and a siciited region to be protected is then defined. An 
analysis will then proceed to determine a first estimate of cost (weight, 
labor) to contain various sizes and configurations of fragments for that 
particular aircraft engine. 1, Then, a "costing function" based on the cost 
of protection versus the level of' oncon'inment that can be tolerated (or 
regulated) is defined and an upper limit is placed on the mass of the container 
and on the costs of manufacture, installation, and maintenance. 
In each phase of this design work, a set of empirical and/or analytical 
impact data is needed. A design procedure which depends totally on empirical 
data of adequate scope will arrive at a design which might be viewed as having 
been "proof tested", but likely will be costly and time consuming. If there 
is an attempt to decrease the experimental costs by arbitrarily or "intuitively" 
limiting the scope of the experimental program or by using "scaled" experi-
mental models, there is a probability of alternate containment designs being 
undiscovered or of the erroneous assessment of key parametric effects (because 
of insufficient data or inadequately scaled experiments). Conversely, a 
design program relying solely upon 2-d analytical/numerical prediction data 
should be less expensive but may not address the actual containment problem 
adequately because of the basic restrictive assumptions of the analytical 
method, and will not provide a "proof tested" design. 
A more rational and cost-effective design process might consist of a 
small preliminary set of "full-scale" experiments to assess the effects of a 
few basic parameters and to obtain sufficient data to calibrate a numerical 
analysis to "compensate" for the "restrictive assumptions" in the analysis. 
The analytical technique (once correlated with preliminary data f,-cm the 
pilot tests) could then be used for more extensive parametric studies. also, 
it could be used to aid in the design of an adequately-scaled" model of the 
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fr,IIt_StruCture impact-interactionto be used in further ezperinental 
studies. The adequacy 
of the Con4iflt structure thus designed Co'ild be 
verified by a	 selective set of full-scale proof tests. 
a- parametric effects that are identified Ia Subsections 4.2 and 4.3 
could be utilized as a guide for deteminingthe original pilot experiments 
and the series of analytical studies to be used in the design process. 
• 
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- SECTION  
aj THE USE OF 7 DEFLECTOR FOR FRAENTCQ4TROL 
5.1 Problem Outline 
The preceding sections have dealt with the containment of a fragment, n 
which the impacted structure is required to absorb essentially all of the -: 
fragment's translational kinetic energy. For many practical applications'. 
only a particular region is required to be-free from fragment intrusion, and 
a structure could be utilized to deflect the fragment from a path that would 
otherwise enter this region. A deflector can be described by the same set 
of djm"ionless parameters that has been used already to characterize a 
container, plus three additional interactive parameters: at, the angle change 
of the path of the fragment; e, the angle of initial impact; and F;, the point 
along the structure at which initial impact occurs. Table 10 lists the 18 
dimensionless parameters used to describe a beam containment of a rigid 
spheroidal fragment. To this list will be added B 19M a (measured positive 
clockwise). 20-8 (measured positive counter clockwise), and 821	
(fractional 
distance along beam). An illustrative cantilever-type deflector is depicted 
in Fig. --62 with the appropriate approach and deflection angles (8 and a) 
indicated. 
For the deflector system, there are three equally-important dimensionless 
parameters which describe the effectiveness of the deflector: C 	 the max 
maximum strain attained by the deflector; zTh, ratio of maximum deflec-
tion (: or w) to the beam thickness h which indicates the extent to which 
the deflector impinges upo:: the space that is being -protected; and a the 
change in flight path of the fragment. There are, therefore, three means by 
which a deflector can "fail": (1) the deflector remains structurally intact 
but the fragment is still allowed to enter the protected region (insufficient 
path-angle-change a); (2) the deflector structurally fails and it either 
proceeds into or allows the fragment to enter the "protected region (C 	 ismax 
too large); and/or (3) the deflector remains structurally intact and the 
magnitude of a is sufficiently large to deflect the fragment but the transient 
deflection of the deflector carries it into the region to be protected (z/h is 
S
too large). In each of these cases the protected region suffers an intrusion 
by either the fragment or the deflector.
	
- 
The primary purpose of this brief se-tion is to study the response of 
an illustrative deflector type structure to the variation of two of the 
dimensionless parameters discussed above: 0, and ; the results will be 
assessed on the basis of the transient values of a and z/b, and of c. 
There is an insufficient amount of experiment data on fragment-deflector
 
Impact and response to constrict aeffects plots, but based on the evaluation 
set forth in Sections 2 and 4 of this report, a brief numerical parametric' 
study was performed and will be described. The 
remaining dimensionless 
parameters. 81 - 8, will not be addressed in this section. These parameters 
have been discussed in Section 4 and it is believed that their roles will be 
similar for a deflector as they are for a container structure. 
5.2 Numerical. Model of a Cantilcvered
-am
 Deflector 
In order to keep the parametric evaluation of a deflector as simple as 
possible, a numerical model nearly identical to that used to model the "beam-
 
containers of Section 4 is utilized. The deflector is modeled simply as a 
cantilever beam of length 8.0 in, width 1.5 in, and thickness 0.1 in composed 
of 6061-T651 aluminum. The CIVM-JET 48 computer code is used to analyze the 
beam as 43 equal-length finite elements (44 lumped mass nodal points). The 
material properties of the 6061-T651 aluminum are assumed to be elastic-strain 
hardening (EL-Sa) approximated by the mechanical sublayer model using Fit A 
(see page 8). A single attacking fragment is modeled as a 1.0-in diameter 
rigid circular disk with a translational velocity of 2794 in/sec and a mass of 
.3815lO (lb-sec2Vin. This model is identical to the model C8-18 conditions 
used in Section 4. 
The boundary
 conditions of the beam deflector represent a critical racror 
influencing the effectiveness of the deflector. In Subsection 4.4 a numerical 
study of an identical, beam that was doubly clamped was performed for a frag-
ment incidence angle of 6'600
. A fragment deflection occurred during that 
analysis; however, for the purposes of this study, a deflector will be 
defined to have one -end free Therefore, the analyzed deflector has one end 
clamped and the other end free. 
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S.3 parametric Evaluation of a Cantilever-Beam Deflector 
In this analysis. parameters 8.-87 (Table 10) are held constant and 
only parameters 820 and 821 (0 
and F,) are varied. Thus, the evaluation of - 
a fragment-deflector impact is based on an examination of the following: 
(a) B	 s/h	 f1 (0,F,) 1
Deflector Response 
(b) f 818 - m' 2(0,F,) J 
(c) 819 - - f3(0,F,)	 Fragment Response 
There are an infinite number of values that could be chosen for either 
F, or 0, however, for this analysis, only a few selected values will be 
examined. If the beam were freely supported (resting on wires, for instance), 
the best possible impact location for maximum energy absorption would be at 
the beam center. Because the beam is clamped at one end and since the beam 
dimensions have been chosen to be equal to the "threshold containment size" 
for a doubly-clamped beam when impacted at midspan by the same fragment size 
and ICE as utilized here) • the probability of a successful deflection/contain-
ment should increase as the value of F, decreases. Note that the CM-JET 48 
analysis can not properly evaluate the 3-d stress state that will be found 
at the clamped end so that impacts which occur close to the clamp will provide 
meaningless predictions near the clamped end. Therefore, F, will be selected 
as 0.5 < F, < 1.0. For F,-0.5 the impact-interaction will initially be identical 
to the containment studies of Section 4, and this value (F,"0.5) is chosen to 
be the first point of evaluation; the subsequent structural response will be 
different since now one end of the beam is free while the other is clamped'. 
For each of the F, values examined, there are three values of 0 that are 
analyzed:	 "30°, 60°, and 90°; (where 0=90 is an initially normal impact). 
The values 0.90 0 was chosen to determine the amount of "tangential velocity" 
that the deflector can impart to the fragment as the beam deforms; also, "cross-
correlations" can be drawn to the normal-impact containment studies of 
Section 4 for beams with both ends clamped. Corresponding studies of 0-1200 
and 1500 were not performed because the deflected fragment would travel 
towards the clamped end in these two situations, rather than towards the free 
end and hence, would not "escape". 
Assuming that transverse shear-induced failure can be ignored. 
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Figures 63a through 63c show the results of. a fragment
 impact upon a 
cantilever beam for C-0.5 and -30 0 , 60°, and 90'. Figure 63a is a plot of a 
resulting fromthese three impact configurations. Note that for all three 
situations, including the relatively	 1ioiv' impact angle e-30 0 , the fragment 
has become °e!nbedded' within the confines of the deflector. Figure 63b depicts 
this situation more clearly as a plot of beam profile and fragment location at 
905 microseconds after initial impact. Note from Fig. 63a that this corre-
sponds to the time at which the fragments are all being deflected towards 
the clamped end since a is decreasing (the O-30 case does not show a negative 
value of a during the time span presented). The beam has deformed greatly 
and for each 0 case there is a portion of the be which is below any portion 
of the disk-like fragment. The impact-interaction with a doubly-clamped 
containment beam (Section 4) is generally finished by 900 microseconds after 
initial contact. It is interesting to examine the energy remaining in the 
fragment at this time after impact with a deflector: 
.
INrrw.. DIPACT LOCATION: C-0.5 
Impact Fragment Kinetic Energy Fragment Kinetic Energy 
Incidence 
Angle Before Impact At .905 Microseconds TAXI 
Total (XE) Normal (XE) Total (XE) (XE)	 Parallel 
tozaxis 0 
(deg) (in-lb) (in-lb) (in-lb) (in-lb) 
300 1489.1 372.3 912.8(613* 47.4(131* 
600 1489.1 1116.8 459.9(31] 296.6(271 
900 1489.1 1489.1 544.6(37] 534.8(36]
The fragments for each value of 0 possess the same pre-impact total 
kinetic energy; after 905 microseconds, the fragments still possess a signifi-
cant level of kinetic energy, and will continue to impact the deflector. The 
peak transient strains, however, have already occurred by this time and 
Fig. 63c shows a plot of upper-surface strain versus deflector location at 
The bracketed rnmthers are the percent ratios of the energies at 905 micro-
seconds to the corresponding pre-impact energy values. 
.	 .	 .	 . .
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905 microseconds after impact, plus the value of the peak strain which 
occurred earlier during the Impact interaction. Note that the peak strains 
for 8-606 and 900 occur at or very near the point of initial impact. For the 
8.900 case the fragment remains at the same * location (Fig. 63b) and there 
is only onç significant peak !or the upper surface strains. The 0-60 0 case 
shows the fragment traversing the span of the deflector, creating two 
locations of significant peak upper-surface strains. . The first (and largest 
peak) occurs at the point of initial impact while the second peak occurs at the 
spanwise location where the fragment has become "embedded" (Figs. 63a and 
63b). However, thO 8-30 0 case shows a very sma l l peak at ,the point of initial 
impact and a significantly larger peak upper-surface strain at the spanwise 
location of fragment embedding". The 8-30° fragment still possesses 60 per-
cent of its initial kinetic energy at 905 microseconds after initial impact; 
as can be seen from Fig. 63b, the fragment will continue to impact the deflec-
tor at this new spanwise location creating a large peak upper-surface strain. 
The fragments for 8-60° and 90° have expended most of their original kinetic 
energy during the early impacts while for 8-30 0 the fragment still possesses 
S	 most of its original kinetic energy and will expend it during a later succes-
sion of impacts. 
-Further examination of Fig. 63c shows a predicted large concentrated 
strain at the clamped end for all three 8 cases. However, as was pointed 
out earlier in this subsection and also in Section 2, the 2-d CIVM-3ET 48 
analysis can not accurately evaluate the large 3-d strains which occur near 
a clamped boundary; also, even within the 2-d framework, a finer finite 
element mesh would be needed near the clamped end to permit a reasonable. 
approximation to the spatially rapidly-varying strains near the clamped end. 
Therefore, care must be exercised when examining the strain distribution 
along the deflector, and strain predictions at and near the clamped end 
should be viewed skeptically. 
Overall, the peak strains for these three impact conditions (0-30°, 60°, 
and 900 -- all at	 5) are significantly lower than the peak strain pre-
dicted for 1-60 0 and 0-90° for an identical doubly-clamped containment beam. 
However, the beam deflections are very large and could result in either (1) 
the excursion of the deflector into the protected region or (2) the eventual 
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.failure of the deflector at the clamped end because of the large induced 
strain and/or bending moment. It appears that the fragments will continue 
to rmin in contact with the deflector and will probably not enter the 
protected region without a tensile failure of the deflector. 
To complete this brief examination of fragment'
-deflector impact-interaction, 
it is desired to consider a value of initial-impact-station location C that 
will allow the fragments from all three 0 cases to escape from contact with 
the deflector. In order to ag.. anteeN
 this occurrence, a value F-.875 _- 
chosen for e-30 0 ,-600 ,, and 900
 with all other parameters identical to the 
C- . 50 situation. Figures 64a through 64c show the resultz of thià impact 
scenario. 
Figure 64a shows that little fragment deflection (cz) has occurred for 
any of the impact 0's. The 0-30 0
 and 60° cases show identical final values 
fora; in all three 8 1 s, the fragment has ceased impacting the deflector by 
300 microseconds after initial contact. Figure 64b shows the large (continu-
ing) excursions of the deflector's free end; for 0-30 0 and 600 , the fragment 
•	 has completely left the vicinity of the deflector by 905 microseconds after 
initial impact. Examining the fragment kinetic energies, the following is 
noted:
-
Impact
 £LLL i%L• iL'tk'FCT LOCATION. E0. 875 
Incidence 
Angle Before Impact
- At 905 Microseconds TAIl 
•	 - -	
—. 
0
Total (ICE)
	 Normal (ICE) Total (ICE) WE)Parallel. 
(deg) (in-lb)	 (in-lb) - (in-lb),
tozaxis 
(in-lb) 
F
300 1489.1	 372.3 1337.2(901* 234.6(633* 
600 1489.1	 1116.8 1048.01703 718.2(643 
90° 1489.1	 1489.1 964.1(653 963.3(653 
For each 8 case, a significant portion of the fragment's kinetic energy still 
remains at 905 microseconds after initial impact and it is evident from
 
*
See footnote on page 114.
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Fig. 64b for all three cases that the fragments either have escaped or will escape. 
Figure 64c depicts the upper-surface profile at this time with only one peak 
registered for each value of 0 and each peak upper-surface strain occurring 
-at or - near the point of initial impact. Note that very low strain levels nave 
been recorded at the clamped boundary because the rotations at the clamp at 
this time (Fig. 64b) are also very small. It appears for all three values of 
0 that the deflector has sustained a "permanent hinge' near the -midspan location 
(Fig . 64b) and indeed this is a point of peak upper-surface compressive strain 
(Fig. 64c).	 -- -. 
Overall, an impact in the vicinity of &-0.875 appears to result in the 
"failure" of the deflector. The deflector has failed by allowing the frag-
ments to escape with most of their original kinetic energies along paths very 
close to their original path. * The deflector also sustains extremely large 
deflections of its free tip, the excursions of which may easily enter the 
"protected region". It appears that tensile-failures of the deflector are 
not imminent or likely for large values of F. The deflector has formed a 
secondary plastic hinge at a location remote from the clamped end, resulting 
-	
in relatively low bending strains. The peak strain at the point of impact 
for the 890° case is relatively large (0.14 compared with a "failure strain" 
of 0.16 deduced from an identical beam that was doubly clamped and subjected 
to the CE-la impact conditions); however, since the fragment has escaped, a 
tensile failure at this location would be inconsequential to the flight path 
of the fragment. It is interesting to note that the peak upper-surface 
strains for 9=60 0 and 900 at 0.875 are larger than those recorded for 
=0. 50. This is because of the larger levels of local bending that occurs - 
for =0.875, which can be seen from a comparison of Figs. 63c and 64c. For - 
the 0=30 0 case the relatively low level .of total energy t' nsf erred from the 
fragment to the deflector for &=0.875 prevents upper-surface strains from 
becoming larger than those predicted for	 50. For E=0.50 the 0=30° case 
hae its peak upper-surface strain located at a spanwise location removed 
from the point of initial impact. For -0.875 the fragment has escaped, 
which precludes the transfer of kinetic energy to the deflector by "later" 
subixnpacts.
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5.4 Cents on Deflector Design 
A brief overview of deflector structures that are assumed to be 
geometrically identical (except for the bomary conditions) to the previously-
analyzed container beams was presented in Subsections 5.1 = 5.3. A simple 
parametric evaluation was performed on the effects of (1) the spanwise 
location of initial, impact and (2) the initial fragment incidence angle. 
The deflectors analyzed were assumed to have all geometric and material 
parameters independent of spanwise location. 
The user of ,a deflector
- type structure assumes that only a specific 
region is to be protected, thus the criticalness of a given fragment attack 
against a given deflector structure of this type is dependent upon the span-
wise location of the initial impact. It is concei''able that a systematic 
variation of the Spanwise mass distribution of the deflector (in the region 
near the clamp, between the clamp and the initial impact region, in the 
impact region, and between the impact region and the deflector's free end) 
will lead to a container of minimum total mass and an optimal mass distribu-
tion for fragment-deflection purposes. The question. of-mass-distribution 
.	 effects was not studied in this report, but could be carried out readily 
with the CIVM-JET 4B code. 
The boundary conditions for the deflector are themselves extremely 
critical in determining the effectiveness of a fragment deflector. An 
actual deflector may be attached at one end to a "rigid" structure but may 
also be attached at a number of spanwise stations to a relatively flexible - 
surrounding structure (e.g., the thin engine casing, stiffeners, etc.) which 
will tend to limit the deflector's deformation and also absorb some of the 
fragment's kinetic energy. Considerations of this type are highly problem 
dependent and would require an extensive set of numerical or empirical 
studies in order to assess the parametric effects adequately. 
The purpose of Section 5 was not to identify all of the parameters-
affecting a fragment-deflector impact-interaction nor to arrive at a deflector 
design by optimizing the mass distribution or the applied boundary attach-
meDs. Instead, only a brief illustrative examination of a structure that 
is identically geometrically configured for either a containment or a 
deflection role is intended. Recognizing the limitations of the previously-
discussed deflector analysis, it is still possible to make some overall 
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cents concerning the use of a deflector structure for fragment control. 
In Subsection 4.4a possible process was reviewed for the design of a 
fragment containment structure using a combination of empirical and analytical/ 
numerical data. A similar procead is recommended for the design of a deflec-
tor. A design is guided by cost (weight, manufacture, i nstal lation, and 
maintenance) considerations. A careful decision must be made concerning the 
extent of the fragment control (the maximum size and energy of the considered 
fragment, the size of the region to be protected, and the implications of 
selective fragment penetration or deflection) based on these cost constraints. 
The final design is bounded by these considerations, and the allowable mass 
must be opti mized to control the widest variety of possible fragment-structure 
impact interactions. A deflector may be the N first choice" as a fragment 
control structure. However, if a container is designed, there is the possibil-
ity that a portion of the container support structure might fail (either 
early in the impact-interaction or due to a direct impact by a second frag-
ment). This situation would necessitate the treatment of the combined 
container and its failed support as a single "deflector type" structure. 
•	 Therefore, a deflection analysis may be needed in a wide variety of fragment 
control designs. 
Given an adequate set of pilot deflection experiments for correlation 
purposes, the 2-d impact-interaction analysis described in this report should 
give a reasonable evaluation for a deflector design. The last stage of a 
design process for a container, deflector, or dual-container/deflector would 
require full-scale proof-tests because of the inherent limitations of the 
present numerically-generated code predictions or , of empirical "scale-model" 
generated experimental data.. 
That is, a partial ring or a panel which is intended to contain rather than 
to divert or deflect the fragment. 	 - 
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SECTION 6

EXPLORATORY MODIFICATIONS AND EXTENSIONS OF THE ANALYSIS 
	
6.1 General Considerations
	
- 
In the present calculations discussed thus far, the finite-element 
analysis proceduru described In Refs. 4 and 17 for the large-deflection 
elastic-plastic transient responses of Bernoulli-E
,
uler beams and rings has 
been utilized. The retention of the classical Bernoulli_Euler assumption 
that normals to the reference axis of the beam undergo no change in length 
during deformation implies a restriction that strains are not large, since 
large straining will produce thinning (in tension) or thickening (in cipre
g
-Sion) of the body's depthwjse dimension. Also, the-change-Of
-curvature part 
of the strain-displacement relations used in Refs. 4, 17, and 20 (and named 
strai
n-displacement relations A, B, C, D, and S in Ref. 20; also, see Eq. 8.5 
of Appendix B) are restricted to small membrane strains, since the membrane 
strains have to be included in the Lagrangian bending strain expression 
when 
they are finite. The term "finite strain" (as compared with "small" or 
"infinitesimal" strain) refers to strains that are not negligible when compared 
with unity. Considering a curved beam, for example, as depicted in Fig. A.1 
with curvilinear coordinates E, r, ç in directions 1, 2, and 3, respectively, 
if the strain measure is the Green ("Lagrangian") strain tensor in mixed 
component form* y , expressions of the type (1+2y), for example, oceur in the 
constitutive equations (see Eq. B.21 of Appendix B); if 	
is the Green-stra.jn_ 
tensor mixed component at the reference axis of the beam (or "membrane strain"), 
	
02	 o expressions of the type (1+212) occur in the C -dependent part of the strain.-
displacement relations (see Eq. 8.2 of Appendix B). If 'v<<l so that 1+2yl, 
one usually refers to the strain as being "infinitesimal" or "small"; otherwise, 
the strain is referred to as being "finite" or "large". Since it 
true that Y	
is always 2 02 
P2' the small-strain approximation breaks down first in the 
constitutive equations and later in the Strain
-displacement equations. 
*
Tensor mixed 
components (identified by both subscripts and superscripts) are 
used here for general applicability since in curvilinear coordinates the formulation takes a much simpler form when formulated in terms of the tensor 
mixed components (for example, y instead of
	 and S instead of S1)); 
in rectangular Cartesian coordinates, y..=y=y'3 is satisfied identically. 
	
-	
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.In addition to the Bernoulli-Euler assumptions, the mecbanical-su1)layer 
model of the material was used in Refs. 4 and 17; this model, in turn, requires 
that the stress-strain curve being modeled must be monotonically increasing 
- the stress associated with thid stress-strain curve must not decrease with 
increasing strain— and unloading must proceed elastically at the same 
modulus as the original elastic modulus. Thus, since the stressT
	
- ' 
(see Ref. 21 page 23, where it was assumed that the original mass density 
P was equal to the final mass density p so that T was equal to the "true 
stress" aT) versus axial Lagrangian strain tensor component' y 11 approximately. 
exhibits this type of monotonic behavior (whereas 'Sn vs. Y does not), a 
mechanical-sublayer fit to this. uniaxial tension stress-strain curve was made 
and the resulting values as reported in Subsection 2.2 (termed Fit A) and in 
Subsection 2.4 (termed Pit B) were employed. The resulting stressesT were 
used in the JET 3 and in the CIVM-JET 48 program as playing the role of the 
second Piola-Kirchhoff stress which appears in the basic governing equations 
14, 17 and Appendix A of the present report] upon which the above programs 
are based. In view of the above considerations as well as the data scatter 
in the experimental measurements of uniaxial stress-strain behavior of a 
number of 6061-T651 aluminum test specimens, the adopted canprnise procedure 
was believed likely to provide reasonable predictions of structural response 
involving small levels of strain. At what strain levels these approximations 
lead to unreliable predictions remains quite uncertain. Therefore, some 
additional exploratory studies of limited scope designed to remedy, in large 
part, these noted deficiencies were carried out and are discussed in this 
section. 
The modifications made consist essentially of five aspects as described 
concisely in the following, and discussed further in Appendix B: 
1. The proper second Piola-Kirchhoff stress tensor components 
appearing in the basic governing equations are employed in the 
computer program by making proper transformations in the constitu-
tive equations of certain stress and Strain measures employed in a 
+In Ref. 21 rectangular Cartesian coordinates are used; for these coordinates, 
ll E	 y11. However, in this section and Appendix B the "axial direction 
for a beam or the circumferential direction" for a ring is regarded as the 
ri or 02" direction.
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new mechanical sublayer fitting of 
uniaxjaj stress-strain data for 6061-T651 aluminum [21] as cited under item 2. 
2. The uniaxjal 
stress-stain data [21] of the 606.j-r651 aluminum 
material exp
ressed in terms of the Kirchhoff stress 
Tk (or Simply 
T U for uniaxjj versus c* ha been fitted 
in a piecewise_linear 
- 
fashion by means of the
	
s 
 mechanicai...sublayer
 model, where
(6.la) 
E) 
and where 
P	 un.iaxiaj load applied to the test specimen 
A0
 (A) 
= Cross-sectional area of the original undeformed (current 
deformed) specimen 
() = the original u.ndefozed (
current deformed) gage length
 
(p) = mass per original undeformed (
current deformed) unit 
volume of the material 
=	
= longitudinal component 
of the elongation strain tensor 
aT	 A : Cauchy ("ie") stress
 
9.
_IL logarithmic ("natural" or "true") Strain
 
T
	
a = Kirchhoff stress = a(l+). 
P	 0 0 0 A 9. = PAL mass Conservation 
It is perhaps useful to recall that the second Pioja_Icjrj,j0ff stress 
tensor component
	
or S = (pseudo force)/(undeformed area) = (P/(i.+	 /A	 /(I+E ). U )J 0	
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It turns out (46, P
.
 291 that the uniaxial stress-strain curve for 
• 	
-. ductile metal q
 such as aluminum is essentially perfectly antisyuet-
	
nc (i.e., for tension and compression) and monctonically increasing
	 * 
when expressed in terms of T. and c. Hence, the mechanical-sut,layex 
model is well suited to describe this type of behavior. In particular, 
the uniaxial stress-strain behavior for the 6061-T651 material, of 
Ref. 16 (as given in Fig. 29a of Ref. 21 for longitudinal tensile 
specimens 'of circular cross-section and converted to r vs. £) is 
given by the following t 11 , c pairs for mechanical-sublayer piecewise-
linear fitting: (T,E*)= (0,0); (44,200 psi, 0.00442); (49,200 psi, 
0.075); and (76,400 psi, 0.615). 
3. It is assumed that strain-rate effects can be approximated by an 
equation of the form of Eq. 2.1, as follows '': 
Cz^= (&>
 
(1 I fl t)	 (6.2) 
.	 where 
( T
 u )	 = static yield stress of the kth elastic, perf tly-
plastic mechanical subla'ier (superscript s ar subscript k) 
(r) k = rate-dependent yield stress of the kth elastic, 
perfectly-plastic mechanical sullayer - ( subscript k) 
dc*	 9. 
=	
= = 
longitudinal component of the rate-of-deforma-
tion tensor (also called
	 in Eq B.10 of App. B) 
For illustrative purposes, the material strain-rate constants d and 
p for aluminum cited in Ref. 25 are used: d6500 sec and p=4. 
4. Thickness changes are accommodated approximately. 
S. The change in length of the reference axis becauce of finite membrane 
•	 strains is included in the expression for the changes-of-curva ture
in the Lagrangian strain-displacement equation. 
Equation 6.2 is similar to Eq. 47 of Ref. 47 which dealt with rnultiaxjaj. 
conditions. 
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To illustrate the effects of these modifications upon the predicted 
transient 2-d responses of simple structures, calculations were carried out 
for two severely-loaded beams [16]: (a) explosively-impulsed beam CB-4 and 
(b) steel-sphere-impacted beam specimen CS-18. 
- 
6.2	 losively-Impujsed Beam CB-4 
Specimen C3-4 was an initially-flat 6061-T651 aluminum beam of 0.102-in 
thickness, 1.497-in width, and 8.005-in span with:both ends ideally clamped, 
and subjected to uniform impulse loading over its '-entire width and for a 
1.8-in spanwise region centered at midspan experimental data for this test 
specimen are given in Ref. 16. For this case, the impulse loading produced 
essentially a uniform initial lateral velocity
, of 10,590 in/sec over the 
impulsively-loaded portion of the beam. For analysis, the half span of 
specimen CB-4 was modeled by using 20 equal-length 4 DOF/node f i nite elements, 
and symmetry conditions were imposed at midspan. Four spanwise Gaussian 
stations and four depthwise Gaussian stations were used for the volume 
numerical integration of the finite-element equations. A consistent mass 
(ca) matrix was employed for each finite element. A time increment size At 
of 0.25 microseconds was used (equal to 1.61w, where w
	 is the maximum
frequency of the discrete numerical model). The aluminum material was treated 
as behaving in an EL-SEE-SR fashion, with material rate constants d=6,500 sec1 
and p=4. The mass per unit initial volume p0 was taken as 0. 25384xl03 
(lb-see2) un4. Response predictions for specimen CB-4 were carried Out for 
the above modeling and conditions for: (a) the new mechanical sublayer 
fitting procedure of r vs. C (Subsection 6.1, item 2) and strain-displace-
sent relation Type F of Appendix B and (b) the former schmzae (employing Stress 
(tk) vs. strain (y11) Fit A of Subsection 2.2 and strain-displacement relation 
Type C of Appendix B and Ref. 20). 
Indicated in the following tabulation are the comparisons of these two 
predictions with each other (and/or versus experimental data) as shown in 
the indicated figures for the time histories of the longitudinal Green strain 
tensor component' on the upper (non-loaded)-and/or the lower (impulsivel y-
loaded) surface at various spanwise stations of beam specimen Ca-4: 
On these figures Y is used to denote the longitudinal component of this strain 
since this is the notation used in corresponding earlier figures in this report. 
However, this would be y2 in the more systematic notation of Appendix B. 
.•	
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S-	 Time Histories of*y on Surface 
Uer, (U) and/or Lower CL) 
Figure Station !x - (in)
	
Predicted
	 Measured	 - 
65a	 0.0 (Midspan)	 U and L -	 - 
65b	 1.4	 U and L	 U 
65c	 2.2	 U	 U 
65d	 3.0.	 U	 U 
With the exception of the midspan station (x0), all other stations 
coincide with finite-element nodes, and the associated strain value plotted 
is the average value given by the two elements at the nodal-junction location. 
It is seen that, of the spanwise stations shown, the major differences 
between the two procedures occur at - the midspan Station , in, where the 
finite-strain formulation shows that between 150 psec and 500 p5cc the lower 
(loaded) surface experiences larger strains than the upper surface while 
the former "small-strain" formulation indicates the Opposite behavior. Also, 
at this midspan station, the strains predicted by the finite-strain procedure 
are considerably larger than the strains predicted by the small-strain pro-
cedure. At the other stations, where smaller strains occur, the differences 
between the two predictions are correspondingly smaller. 
Shown in Fig. 65e is the spanwise strain distribution at t300 Usec 
from x-0 in (aidspan) to X-4-00 in (clamped end) • of the upper (non-loaded) 
surface. This time instant is taken as typical, since the strains have 
already achieved their peak and about 97% of the initial kinetic energy has 
been transformed into strain energy by that tine. The strains predicted by 
the finite-strain formulation are larger than those predicted by the small-
strain--formulation with the exception of aregioz-at the end of the impulsivel y-
loaded zone (x-0. 9 in) and a region at the middle of the half-span (x-2.0 in 
to x-2.4 in). The nodal strain discontinuities typical of the 4 DOF/node 
finite element (employed in the JET 3 and CIVM-JET 4B programs) are evident 
from the graph. This assumed-displacement finite-element model involves 
cubic polynomials in the assumed-displacement field fcr v (the axial displace-
ment) and w (the lateral displacement). The degrees-of-fee
	 (Day) involved
	 . -- - 
See the footnote on the preceding-page-
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-	 at each end of the finite
-element are the displacements v and w and the 
2.. - --
 
rn
gradients- X -+ and 
'P -	
- . These degrees-of-freedm
provide continuity of disp
lacement (v and w) and continuity of membrane strain 
2 X + 1/2 X + 1/2 'P) but th bending strain (Qc - [ (- ) (l x) + 'P J) is not continuous at the nodes since
	 and. are not an
.Hence, strain j*mp. appear at each finite-el
met node since inside each 
element the displacementfunction is 
continuous to derivatives of all orders 
but at the nodes only continuity of displacement and its first derivative is 
Preserved.* The straindisplacement eTmtions
	
ces and a) involve 
the displacement gradients x
	 +- and 'P	 - and their derivatives -R	 anand	 The degree of the polynomial involved in the displacement gradients X and 'P is of the second order (or quadratic) for an 
initially
-straight beam. The degree of the polynomial involved- in the representation of the first 
32w 3v derivatives of the displacement gradients –30 - —i
 - – (–) and vii	 vflR 2. +
	 () is of the first order or linear, for an initially-straight '	 a	 ' 
.
	
	
beam (using the 4 DOE/node cubic-cubic element). Prom Fig. 65e it is observed

that the degree of the polynomials involved in the spanvjse strain distribution 
is (mainly) either quadratic or linear. 
It is also observed that the largest discontinities occur at locations 
where bending strains are largest: at the end of. the impulsjvely_lded zone 
(x--0.9 in) and at the immediate zone adjacent to the clamped end (x-3.8 in 
to x-4.0 in). At the clamped zone, a very large strain 
discontinuity is 
evident The reason for this is that this region involves high levels of 
nonlinearity. The strain disco
ntinuity at the clamped zone is significantly 
larger with the finite-strain formulation, which involves a more nonlinear 
representation of the behavior than the smaJlstra.jnn 
formulation. it is 
evident that a finer mesh of finite elements is needed in this clamped-zone 
region to represent accurately this nonlinear behavior. However, time and 
fund res
trictions have prevented a more thorough study of this matter at this 
time. 
*
See Ref. 20 for an evaluation of a formulation which includes element-junction Continuity of bending strain for the small-strain approximation.
I 
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Finally, the predicted transient midspan transverse displacement w is 
shcwn in Fig. 66. It is seen that the finite-straiji formulation and small-
strain formulation predictions are In fairly good agreement iith each other. 
The computing time required gor the two formulations for explosively-
impulsed beam CB-4 is displayed conveniently in the following tabulation 
(for 4000 time steps with a time step size of 0.25 microseconds; all runs 
were conducted on an am 370/168 cemputer): 
•	 No. of No. of Gaussian
	 Total No. 
Fcrnulatjon
	 FE	 Sta. per Elem.
	 of Unknown 
	
Spanwise Depth
	 DOF 
Small Strain	 20	 4	 4	 79 
Finite Strain
	 20	 4 4	 79 
C
Strain-Dispi.
	 Mass 
Formulation
	 Relation	 Matr1
No. of 
Cycles
cu 
Time
_CPU (win) 
Type (DO?) (Cycles) (win) 
Small Strain	 c	 CM 4000 8.63 27.3x1(f6 
Finite Strain
	 F	 CM 4000 11.07 35.0x106
The effects on CPU time of the more lengthy expressions used and manipulations 
required for the finite-strain calculations are evident from an inspection 
of the last column. 
6.3 Steel-Sphere-Impacted Beam CB-18 
Stee-l-sphere-impacted 6061-T651 aluminum beam specimen CB-18, the 
geometry and impact conditions frr "high have	 00-scribed in Subsection 2.1, 
has been analyzed only for -SH material behaio y (a) the (new) finite 
strain procedure (employing the stress (1k) vs. strain (E:*) mechan.ical_sublayer 
fit of Subsection 6.1, item 2; and strain displacement relation Type F of 
Appendix Bland (b) the former scheme (employing stress (1k) vs. strain (y11 ) 
Fit B of Subsection 2.4 and strain-displacement relation Type B of Appendix B). 
The beam was modeled with 43 equal-length 4 DOF/node elements; locally 
perfectly-elastic impact (el) was assumed. Three Spaxzise Gaussian stations 
and four depthwise Gaussian stations were used for the volume numerical 
integration of the finite-element equations. A d.iagonalized (lumped) mass 
(DM) matrix for each element was employed. A time increment size At of 
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0.5 microseconds was used (equal to. 1. 16/v, where (a
	 is the maximum
max  frequency of the discrete numerical model). SIarized in the following 
tabulation are the comparisons of the two predictions with each other (and/or 
versus experimental data) shown in the indicated figures for the time histories 
of the longitudinal component of the Green ("Lagrangian") strain tensor 
the upper (non-impacted) and/or the lower (impacted) surface at various span-
wise stations of beam specimen CB-18: 
Time Hi tories of y on Surface
-
U (Upper and/or L (tower) 
Figure	 Station lxi (in). 	 Predicted	 Measured 
-	 67a,b - -	 ,0.0	 U and L
	 - 
67c,d	 0.3	 U and L	 - 
67e	 0.6	 U	 U 
67f	 1.2	 U	 U 
67g,h	 1.5	 U and L	 U and L 
67i,j	 3.0	 U and L	 - 
67k,2.	 3.7	 U and L 
67m,n	 4.0	 U and L
	 --
Location x='O in (at the midspan of the beam) coincides with the midspan 
Gaussian integration station of a finite element. Location x - + 4.0 in is 
at the clamped end of the beam and coincides with a finite element node, at 
which clamped-end conditions have been imposed (namely that the displacements 
v and to and the lateral-displacement gradient 0 are zero). All other stations 
occur at locations intermediate between the end and the midspan -of a finite 
element, and do not coincide with spanwise Gaussian integration points. Also, 
measured permanent strains are indicated on these figures where available. 
These figures show that the strains y predicted (a) by the current 
"finite-strain procedure" and (b) by the former "small-strain procedure" 
agree reasonably well with each other and/or with experiment at all of 
these stations except x"0, 3.7, and 4.0 in. Large strains do occur at both 
x0 and x=4.0 in; also, the occurrence of large strains at x-4.0-in exerts 
a distinct and pronounced effect at "nearby station" x=3.7 in (located in 
the element adjacent to the finite element at which the clamped end condition 
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.has been imposed). Although the calculations have been carried out for only 
900 microseconds, it appears that the current nfinite strain procedure" would 
provide better permanent strain comparisons with rneaaurents at all spanwise 
stations (if carried out long enough in time) than by the farmer "small-strain 
procedure". 
Figure 68 shows that the time histories of the midspan lateral deflec-
tion w from these two predictions for beam CS-lB are very close to each other. 
Finally, the time histories of the support reactions M, S 5 , -and F at 
station x-4.0 in are shown in Figs. 69a, 69b, and 69c, respectively, for 
-these two-predictions. The agreement between these two predictions is very 
good for the longitudinal support reaction force F (associated with the 
membrane strains), but one observes some differences in the transverse support 
reaction (shear) force S and large differences for the support reaction-
bending moment M. These differences are believed to be caused by the fact 
that the expressions of CIVM-JET 43 for the bending part of the strain are 
valid only for small rotations and small strains, while the finite strain 
version of the program does not have this restriction. Of course, the 
support reaction bending moment M is most influenced by the bending part 
of the strain-displacement relations. 
The computing time required to analyze steel-sphere-impacted beam CB-18 
by the two procedures, under otherwise-identical conditions, is conveniently 
displayed in the following tabulation (for a time step of 0.50 microseconds; 
all runs were conducted on an IBM 270/168 computer): 
No. of	 No. of Gaussian	 Total No. 
Formulation	 FE	 Sta. per Elem.	 of Unknown	 - 
-	 - -.	
-	 Span-wise	 Depth	 DO? - 
Small Strain	 43	 3	 4	 170 
Finite Strain	 43	 3	 4	 170	 - 
Strain-Displ. Mass No. of CPU CPU (mm) 
Formulation	 Relation Matrix Cycles Time (DOF) (Cycles) 
Type (mm) 
Small Strain	 B - DM 2250 5.11 13.4x106 
Finite Strain	 F - E4 1850 6.81 21.7x1&6
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Here again, the finite_strain-fo=aLj&tiOn calculations require more c
pu time per (Do?) (cycle) than for the .rna.l.-straia formul
ation.The smaller CPU time
 per (Do?) (cycle) noted here for steel-sphere impacted beam CB-18 compared 
with explosjvely_puj3 beam C3-4 arises from the use in the latter of 
the more-heavily Populated consistent mass matrices vs. diagonAjj
	 mass matrices for the C8-jØ calculatj.9, and the use of 3 rather than 4 
spanwise Gaussian stations for the CB-18 calculations.
 
It appears that (a) the use of the proper (second Plá-o
ff)
 stress tensor in the constitutive equatjo by making proper 
tráfl3foations Of certain stress and strain measures, (b) the use of
£ for 
compression) 
represej the monotonic 
strain-hardening antisymaetrjc (in tension and 
mechanical behavior of the material by the mechanical sublayer model, and (c) the use of a finitestrajn
	
equation, and
(d) the inclusion of thickness 
changes can provide sigflificeny improved Predictions of transient strains (the most 
important and sensitive quantities).
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SECTION 7 
SW99ARY, CONCLUSIONS, AND COMMENTS 
7.1 Summary 
The-type of response avhihited by a given protective structure to engine 
rotor fragment impact attack depends, among other things, upon the lateral 
(axial) dimension of that structure compared with the corresponding dimen-
sion.(s) of the attacking fragment(s). If these dimensions are comparable, 
the structural, response of the protective structure is essentially the same 
at all of its axial stations at a given circumferential location; accordingly, 
this structural response is termed 	 (2-fl). However, if the 
axial length of the protective structure is substantially greater than the 
corresponding dimension of the attacking fragment, the structure exhibits a. 
three-dimensional (3-D) type of structural response. • The present report is 
devoted to considering only the former (2-D) category of structural response 
problems. In particular, the present report describes studies performed to 
assess the applicability, feasibility,- and-utility of employing a 2-D struc-
tural response computer code (a) for predicting the transient large-deflection 
elastic-plastic structural responses of 2-D ductile metal protective struc-
tures to fragment impact and (b) for carrying out variation-of-parameters 
studies to assess the consequent impact-induced structural responses of such 
fragment-impacted- structures. These studies involved the use mainly of the 
CIVM-T 43 computer program which permits analyzing the 2-D structural 
responses of single-layer curved Bernoulli-Euler beams and/or rings which 
are subjected to impact attack by one or more idealized non-deformable 
fragments. Some calculations were also carried out with the CIVM-3T Sa. 
program which has features and capabilities similar to the former code except 
that it can represent Bernoulli-Euler 2-fl beam/ring stkuctiires that consist 
of (a) a single layer or (b) several layers of different materials which are 
hard bonded at each interface. CIVM-JET 43 employs the central-difference 
timewise operator while CIVil-JET SB uses the Houbolt timewise finite-difference 
operator. The spatial description of the structures in both codes is 
accomplished by the use of finite elements. In general, one seeks to employ 
the smallest number of finite elements, which will result in converged or 
accurate transient response predictions. 
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A study to select appropriate finite element (spatial) modeling was 
carried out for an aluminum, beam which had both ends clamped and was subjected 
to explosivejmpulse loading over its entire width and over a short-spanwise 
region centered at midspan; this represents a well-posed initial value problem 
and does not involve the added complexities present when fragment Impact 
against the structure occurs. Transient response and P
ermanent deformation 
meas
urements were available for comparison with predictions. 
Following this study, an assessment was made of the adequacy of the 
CIVw-JET 43 analysis and code for predicting the response of a beam with both 
ends clamped and subjected to Perpendicular impact at midspan by a (non-
defomaale) solid steel sphere. Experimental transient response end permanent 
deformation data were available for comparison with 
predictions. This 
problem was modeled as involving a 2-D àtructure subjected to 2-D fragment 
impact attack; the assumed 2-D type of structural response behavior appeared 
to have been present at nearly all spanwise stations of the beam except near 
the midspan impact regions (and very close to the clamped ends) where signifi-
cant 3-d
.
- behavior was present. Included in this modeling investigation was 
a study of the effects of (a) various number of 
equal-length finite elements 
to represent the beam, (b) including or ignoring strain rate effects on the 
st
ress-strain behavior of the beam material, (c) the use of alternate choices 
for the impact-affected length of the beam measured from the impact station, 
(d) various diameters for the idealized fragment, and (e) various selections 
to represent the diagonalized mass matrices for the beam finite elements. 
Next, the CIVM-JET 48 
program was used to predict the response of a 
4130 cast steel containment ring which was subjected to T58 turbine rotor 
tri-hub burst impact attack in NAPTC Test '201. Ear
,
 analysis, each bladed- - 
disk fragment was modeled as a non-deforj,le circular body of selected 
radius rf
; the effects of using various plausible and extreme values for 
were investigated. The no
n-deformje idealized fragment model can not 
represent properly the behavior of each bladed-disk fragment since the blades 
deform severely during the impact/interaction and response of the containment 
ring and the disk. Hence, the predicted and observed, transient response
	
- 
details must be different. However, if one 
selects a reasonable and plausible 
132
value for the idealized fragment radius rf
 one can reasonably expect that 
the predicted	 response should compare favorably with that measured; this 
was the principal aim of this particular study. Examined also was the effect 
upon the predicted responses of the containment ring and the-fragments of 
friction between each fragment and the containment-ring.' 
Dimensional analysis considerations to identify pertinent SIimAnionless 
parameters were employed in examining experimental data obtained (a) by the 
NAPTC on engine rotor-burst impact tests on steel contairm'nt rings and (b) 
by the MIT-ASRL on al-üminum beams subjected to steel-sphere impact attack. 
The use of the CM-JET 48 computer code for carrying out parametric 
structural response studies has been illurtrated for both fragment-containment 
structure and fragment-deflector structure. 
- Finally, since the CIVM-JET 48 computer code as actually implemented 
accommodates large-deflection elastic-plastic transient structural responses 
but only small strain, some modifications to the analysis/computation proce-
dure have-been developed to alleviate this restriction. Some preliminary 
results from this study were obtained and are included. 
7.2 Conclusions 
Within-the context of employing the present type of computer code (s) to 
represent: (a) 2-D Bernoulli-Euler large-deflection, alastic-plastic transient 
structural responses such that the maximum strains axe not large (i.e., less 
- than roughly 8-10 per cent) and (b) the fragment (assumed to produce the 
impact-induced structuralrespóffse) idealized as a non-deformable circular 
2-D fragment, the following observations are made from the present Study .and 
• from related similar MIT-ASRL studies [4,5,15,17,180201:* 
1. For the analysis of single_layer** structures subjected to fragment 
impact, the CIVM-3ET 48 code is more efficient that CIV?4-JET 5B. 
Since CIVM-JET 48 uses the explicit conditionally-stable timewi5 e 
central-difference operator together with the very compact and 
efficient unconventional form of the equations of motion whereas 
*
The listed conclusions are based upon the present study unless indicated 
otherwise. 
**
However, for the analysis of hard-bonded multi-layer Bernoulli-Euler 
structures, only one of these two codes (CIVM-JET 5B) is applicable. 
.	
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CIVM-JET 58 uses the unconditionally-stable (for linear systems) 
timewise Houbolt finite-difference operator together with the less-
compact conventional form of the equations of motion, it was specu-
lated that the latter combination might be more efficient mainly 
because (hopefully) of a larger allowable time step size At than for 
the former. This has turned out not to be true because the At is 
found to be limited by the .momentum-transfer and correction proce-
dure employed to account for momentum transfer from the fragment 
to the target structure at each of a succession of impacts. 
All further cements pertain to the application of only the cIVM-JET 4B 
computer code. 
2. To insure numerical, stability, the time increment size At for solu-
tion of typical nonlinear transient response problems should be 
selected such that At < 0.8(2/w) where w
	 is the highest
max 
natural frequency of the mathematical model of the system for small- 
displacement linear-elastic behavior (17]. No numerical instabilities 
. have been encountered when this guide has been followed; however, 
either local or global numerical instabilities have been observed 
for At > 0.88(2/u). 
3. At each of a succession of impacts of the non-deformabj.e fragment 
against the 2-D target structure, impulse-momentum relations are 
employed to predict the velocity decrement suffered by the attacking 
-	
.	 fragment and the associated velocity increment acquired by an impact-
affected region of the target structure. Alternate schemes have 
been uied to estimate the size of this impact-affected region. 
Since physically the size (or spanwise length) of that impact-
affected region must be independent of both the time increment size 
At used in the calculation and the size (length) of the finite 
•	 elements used to model the structure, elementary stress-wave-propaga
-
tion arguments have been used to estimate the distance L ff from 
the impact station to each end of the impact-affected region to be 
approximately twice the thickness h of the structure. Accordingly, 
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• .	 - in regions of expected impact, the finite element lengths should not 
exceed 2h; smaller finite-element length values-should be used, if 
•	 needed, for other non-impact considerations such as solution 
convergence. 
4. To be consistent with certain assumptions employed in the approxi-
mate procedure for predicting the velocity increment received by the 
impact-affected region of the structure -from a given impact, a 
diagonalized mass matrix of the finite-element model of the structure 
is employed. Various means of achieving the diagonalized mass matrix 
were explored. The main effect of these alternate choices was to 
affect w	 which, in turn, influences the selection of the size of 
max	 - 
At required for numerically stable calculations, (see Subsectiàn 
2.5.2).	 - 
S. The inclusion of plausible values for the coefficient for friction j 
between the target structure and the idealized fragment reveals very 
little effect upon the transient response of the impacted structure 
but can affect significantly the rotational motion of the idealized 
fragment (15, 18, and the present report]. 
6. Conclusion 5 implies in part that the response of a fragment-
impacted structure is only slightly affected by friction and/or by 
the rotational motion (or rotational kinetic energy of the attacking 
fragment) but that the structural response is dominantly affected by 
the translational velocity (or translational kinetic energy) of the 
attacking fragment. This observation is consistent with the find-
- - -	
-	 ingsin this study.	 -- -	 - 
7. From the -present series of calculations of the transient responses 	 - - 
of fragment-impated 2-D structures, it is noted that the peak 
structural response is affected: (a) only slightly if one ignores 
strain-rate sensitivity effects for relatively rate-insensitive 
materials such as 6061-T651 (or 16) aluminum* but (b) very signifi-
cantly for-rate-sensitive materials such as mild steel. Hence, it 
*
However, for aluminum beamsand/or rings subjected to severe impulsive load-
ing, strain rate effects are found to have a very significant effect upon the 
predicted responses of these structures. In these cases a larger volumetric 
proportion of the structure experienced higher strain rates and for a longer 
period of time than in the present fragment-impacted structures. 
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•: is important to determine whether or not the mechanical, behavior of 
the material under consideration exhibits significant rate sensitiv-
ity and, if so, to include that description quantitatively. Further, 
uniax.ta.l material stress-str1a.jn measurements (or data) are required 
from material coupons whose lengthwise axis is aligned with the main 
direction of tensile or compression stress expected in the 2-D frag-
ment container or deflector structure - since mechanical anisotropy 
Present could lead to the inadvertent use of improper mechanical data 
in the analysis with attendant misleading results. 
8. The presently-available experimental data on the responses of both 
beam and ring structures subjected to fragment impact are inadequate 
to represent both (a) 2-0 structural response and (b) 2-D fragment 
impact attack -- up to the threshold rupture condition of the impacted 
structure; conditions short of this rupture state are widely-agreed to 
be inadequate for containment assessment purposes. Since suitable 
techniques are now available for c.nducting such tests and making the 
essential. measurements, experiments to r3medy this data deficiency are 
recommended. 
9. The fact that the prescait computer codes (4,51 as actually imple- 
minted can accommodate la-74e-deflection,-elastic-plastic  transient 
2-0 structural responses but only small strain means that although 
large numerical values, of transient strain can be and are predicted 
from these programs, those predicted large strain válues (i.e., 
greater than about 8-10 per cent or even less) can not be correct. 
Steps are described in Section 6 to remedy this deficiency and 
preliminary results show that significant differences in transient 
strain predictions in certain portions of the structure are revealed 
by this more comprehensive treatment. However, the predicted 
transient deflections (displacements) are almost unaffected by those 
improvements. 
10. The present calculations and comparisons with 'NAPTC experimental 
meastements of a steel containment ring subjected to T58 turbine 
rctor tn-hub burst attack in NAPTc Test 201 indicates that the use 
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Of an idealized non-deform.-b]e fragment of plausibly-selected size 
(as an approximation- for each of the deformabj.e bladed-disk fragments). 
for use in the CIVM-JET 4B program can provide predicted peak and 
Permanent ring deflection configurations in reasonably close agree-
ment with experimental observations. The current CIVM-JET 48 pre-
dictions of large (or finite) transient and permanent strain for 
this case can not be correct but the breadboard CtvM-T 4C program 
now available should remedy this deficiency. However, the available 
measurements of transient and permanent strain for this case are 
inadequate to permit a definitive assessment of the accuracy of 
either of these predictions. 
'Finally, the following two additional observations are offered: 
11. In the present model of fragment/st . ructure impact and interaction, 
impulse-momentum relations are-used to estimate the momentum transfer. 
Hence, the velocity increment imparted to the "impact-affected por-
tion" of the structure for each of a succession of impacts depends 
upon the ratio of the mass of the fragment to that of the impact-
affected region of the structure. Hence, in seeking to define 
scaled conditions to preserve the peak structural-response strain 
which is induced by fragment impact, one must preserve certain energy 
absorption and "incremental momentum-transfer" parameters as noted 
in Subsection 4.3.2.5. 
12. An examination of NAPTC experimental data in-which spinning' rotors'

were caused to rupture into a equal-size bladed-disk fragments 
(n=2, 3,4., or 6) and subsequently --to impact against contiinthent 'rings, 
shows clearly why the hi-hub (2 fragment) attack at a given burst 
rpm prod-.aces more severe ring response than observed fcr 3-, 4-, and 
6-fragment attacks -- even though a 3-fragment burst results in 
fragments with the greatest amount of translational kinetic energy 
and hence were often viewed as posing the most severe threat to a 
containment ring. For n=3 and greater,- the deforming blades 
"cushion" the impact, and peak -ring response is reached while only 
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the "smooth contour" of the fragment is in contact with the ring; 
aLl-of-these-transiently-and-permanently deformed unfailed rings 
hibjt a smooth contour. Bowver, for the 2-fragment case, a sharp
	 - 
corner of each of these 2 fragments at4k the ring and causes 
extremely 'severe and localized bending (and perhaps some shearing) 
of the ring - resulting in local failure at significantly smai.ler 
attack kinetic energy levels than for the &'2 cases. 
7.3 COTItS 
Included here are, indications'
 of some analysis development needs, 
recommendations for experiments to remedy important deficiencies in experi-
mental data on severe fragment-impact-induced structuraL], response, and some 
related observations. 
Analysis Needs 
Within the framework of 2-D structural response- of containment or 
deflector structure subjected to 2-D non-deformable fragment impact attack, 
the type of nonli near transient response analysis and computer code discussed 
herein which includes large-deflection, elastic-plastic behavior but only 
small strains '(as actually implemented in the computer code) should be 
extended-to include finite strain effects; the preliminary work to this end 
as discussed in Section 6 and Appendix B should be carried forward to 
completion, including comparisons with appropriate veil-defined experimental. 
structural response data for a range of maximum  responses extended to and 
including material rupture.' 
Although under the conditions representative of engine rotor fragment 
impact, the type of ductile metal containment structure rupture observed has 
been, in almost all cases, noted as being "tensile rupture" without clear 
evidence of significant transverse shearing effects, it may be useful to 
extend the theoretical prediction method to include transverse shear deforma-
tion effects so as not to preclude the proper treatment of this behavior 
where and when it occurs. This inclusion, however, will tend to make the 
predictions more complex and expensive. 
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.The necessity of taking into account the fact that fragments such as 
rotor blades, bladed-disk segments, or oladed-rim segments often deform 
severely during impact attack against containment or deflector structure 
is a matter which has been weighed and debated considerably. One school 
of though holds that taking into account transient fragment deformation would 
involve a great amount of extra computation and book-keeping because, it is 
argued, one can predict the 2!ak containment-structure response with adequate 
accuracy (in view of the various uncertainties present in many other aspects 
of the impact/response problem) by representing each attacking deformable 
fragment as a simple non-deformable fragment of-plausibly-selected size, mass, 
as well as pre-impact translational and rotational velocity -- although there 
is clear recognition that the time history details between the actual response 
and that predicted by the idealized, model are certain to be different. Another 
school, while conceding the prausibility and the analysis feasibility and 
efficiency of the above-described viewpoint, argues that fragment deformation 
and possible subsequent multiple fragmentation will alle7iate and distribute 
the impact-induced loads on the structure such that the actual response of 
the containment structure will be less severe than one would predict by the 
above-indicated idealized rigid-fragment analysis. However, no proposals for 
deformable-fragment models to represent specific categories or conditions of 
importance for containment-structure design are offered, but sometimes there 
are implied wishes and- suggestions that engine rotor failure presents no real 
safety problem and should be ignored. Although aircraft losses and fatalities 
caused by or stemming from engine rotor fragments have been small to date, the 
annual rate of uncontained engine rotor fragments in commercial avajation has 
'persi'sted at about one per million engine hours since about 1962 as reported by 
Mangano et al. (37], McCarthy (42], and Gunstone [55]. 
It should be noted that both deformable-fragment and rigid-fragment 
analyses - have been carried out success fully for impact-attack by a single blade 
of a T58 turbine rotor against an aluminum containment structure (15,17]; the 
amount of computing required and the type of impact/interaction analysis used 
for these two cases are very different. Thus, either approach can be employed 
if required. • Thus, if a persuasive case can be made for including- deforming-
fragment behavior-in the analysis of aircraft engine rotor fragment impact 
attack against containment or deflector structure, this can be done -- but with 
an attendant addition in computational complexity and cost. 
-	
139
.It should-be noted that methods and computer programs for Predicting 
the large-deflection elastic-plastic structural 
responses of ductile metal panels which undergo 3-D st
ructural response when Subjected to appropriate 
transient loading or fragment impact attack are being developed (10). However, 
as actually implemented these computer codes 
accommodate properly only small 
strain' Hence, it is recommended that this work be extended to finite strains 
in a fashion analogous to that itdicated in Section 6 and Appendjj B. 
Although there are 
significant Unfinished aspects of the transient large deformation response analysis of single-layer ductile-metal 
protective struc-
tures subjected to fragment impact (and these should be pursued 
vigorously 
and resolved), it would be both timely and useful to initiate the development 
Of methods to predict the severe transient responses of multilayer, multi-
material 2-D Structures under fragment impact attack, including conditions 
which produce sequential failure of thevarious 
structural layers. These 
materials, in general, will be anisotropic, and each layer can have substan-
tially different mechanical properties and failure behavior from its neighbors. 
Both despite and because of the complexity of this
 
development of appropria
	
type of structure, the 
te analysis m hods Should be pusued without delay; 
in Parallel with and closely coordinated with that effort should be an experi-
mental impa
ct-induced response program for Well-defined 
experimental condi-
tions and careful detailed measurements.
 
Experimental Needs 
To provide appropriate and definitive data for the efficient evaluation 
of the adequacy and accuracy of proposed methods 
for -predicting the impact-
induced responses-- (including threshold rupture) of ductile-metal protective 
structures, the following experiments are recommended-
(a) To generate well-defined 2-D structural response data. 6061-T651 
alusinun beams like those of Ref. 16 should be subjected to midspan 
Perpendicular 2-D impact -by a solid Steel Cylindrical body. 
Transient strains should be measured on each surface at various - 
spanwjse stations. For a suitable region centered at m'dspan and 
for regions close to each clamped end of the beam, 
•a pattern of 
I 
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.• mechanically-lightly-scirbed closely-spaced grids should be provided

to permit the determination of the values and distribution of the 
permanent strain since these are regions where significant strains
	 - 
are expected.	 - 
(b) To gnerate well-defined 3-D structural response. data for efficient 
theoretical-experimental correlation evaluation of the adequacy of 
the proposed finite-strain extension of the analysis of Ref. 10, 
6061-T651 aluminum beams Like those of Ref. 16 should be subjected 
to midspan perpendicular 3-D impact by a solid steel sphere. 
Measurements similar to those described under (a) should be made; 
of special importance are the proposed permanent strain determina-
tions from the mechanically-scribed grids. 
This currently unavailable experimental information is essential for a meaning-
ful evaluation of the adequacy and accuracy of the cited predictions methods 
to predict structural responses up to and including material rupture. 
More comprehensive experimental data than are ncw available on contain-
ment ring response to engine rotor fragment impact-would be valuable-both in 
its own right and for checking the adequacy of prediction methods such as 
CIVM-JET 4B or alternate approaches. In particular, it is recommended that 
4130 cast steel containment rings much Like that in NAPTC Test 201 be subjected 
to T58 turbine rotor tn-hub burst impact attack such that the peak impact-
induced response will be (a) much closer to ring rupture than in NAPTC Test 201 
and (b) slightly exceed the threshold ring rupture condition. This could be 
achieved at the nominal rotor-burst kinetic energy level of NAPTC Test 201 by 
using somewhat thinner containment rings. The recommended measurements 
include:	 - -	 -.	 - 
(a) Transient strain at a number of circumferential locations on the 
ring's outer-surface midlength location, and at the midsurface on 
both end faces at several circumferential locations. 
(b) Finely-spaced lightly-scribed closely-spaced lines on the entire 
- outer circumference of the ring should be provided, and both their 
pre-test and post-test spacings measured to permit determining the 
permanent outer-surface strain. 
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(c) High--speed Photographs should be made to observe the transient 
motions of the fragments and of the ring, photographic quality 
simjl to that achieved in NAPTC Test 67 should be sought. 
This would provide representative and detailed data on contain ment..ing 
response to complex deforms le bladed-disk fragment impact attack. 
-
	
	 For each of these types of experiments, uniaxial static tensile stress-
strain tests to rupture should be carried out on containment_st uctuxe coupons 
whose axial orientation of each is (1) parallel to the 'spanwjsé or circum-
ferential direction, (2) perpendicular to-orientation (1), and (3) at an 
• intermediate orientation angle; these measurements should reveal whether or 
not the material is isotropic. Such tests should be carried out at (a) the 
slowest and (b) the fastest feasible constant Cross-head speed; these speeds 
should be recorded. Lightly
-scribed mechanical grids should be provided on 
each specimen to permit determining the distribution and value of the permanent 
outer-surface strain on each specimen. Measurements should also be made to 
permit determining the pro-test and post-test cross-sectional areas of each 
•	 specimen along its axial test-region length. 
General
	
- 
Although improvements in the Capabilities of the C
IVM-JET 48 computer 
code are-needed-and are planned, it is believed that the CIVM-jp 48 computer 
code can be of significant assistance to industry for many 
parametric and 
preliminary de°...5i purposes in rotor burst protection studies and in the 
design of,fragment-containmentand/or fragment-deflector structures. 
t is suggested that an effective procedure" for the designing of frag-
ment containment or fragment deflector structure to a given type of engine - 
rotor fragment attack would be to conduct a few well-instrumented full-scale 
tests. With these preliminary data as guidance, - comp4ter codes such as 
cIvz4-jE'r 48, for example, could be used to carry Out parametric and tradeoff 
studies. Of course, all other relevant empirical and semi-empirical informa-
tion sh 'uld also be applied in developing a proposed protective-structure
 *
This recommended set of mechanical property tests represents the absolute 
minimum of such. tests. In addition, tests should be carried , Out to, determine the strain ra
te_del,endent behavior, of. the materials wider both uniax.jal and 
multiaxial stress conditions, including the entire strain range to 
rupture and strain rates up to at least 3,000 sec 1
 - to permit constructing an adequate stress, strain, strain-rate description for each material. 
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design. Then several carefully-selected full-scale proof tests should be 
conducted to demonstrate the adequacy of the final design and to confirm 
that important effects had not been overlooked. Such a procedure should 
-be-much-more-tin-and-cost--effective-than a largely experimental approach. 
.
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TABLE 1 
COMPARISONS OF RESPONSE PREDICTIONS FOR VARIOUS MASS MATRIX 
-MODELINGS-OF-DWULSIVELY-LOADED--CLAMPED-ENDED BEAM CB-4 AT 
100 MICROSECONDS AFTER APPLICATION OF THE INITIAL VELOCITY 
Mass Matrix 
Modeling
Consistent 
Mass
Diagona.' 
- Method 2
Diagonal 
Method 3 
Midspan 
Displacement 0 -' 
w (in) 0.7099 0.7141 0.7114 
Max. Gaussian 
Sa. Upper-Surface 
Strain (per cent) 10.04 10.12 10.07 
Max. Upper-Surface 
Nodal Sta. Avg. .Strain 
(per cent). 10.39 10.49 10.39 
Kinetic Energy (in-lb) 809.1 813.2 812.5 
Elastic Energy (in-lb) 30.5 29.3 31.0 
Plastic Work (in-lb) 1118.9 1161.4 1162.0 
Initial Kinetic - 
Energy (in-lb) 1958.5 2003.9 2005.5
.	
•.	
0	 . 	
- 	 . 	 . 
O
TABLE
0 
2. 
DATA C!ARACTE1tIZ.ING NAPTC TEST 201 FOR T58 TUB 
TRI
-HUB BJRST AGAINST A STEEL CONTAINNEN' RING 
Containment Ring Data
	 - 
Inside Diameter (in)
	 15.00 
Radial Thickness (in)	 0.625 
Axial Length (in)	 1.50 
Material
	 4130 cast steel 
Elastic Modulus
	 psi)	 29 x 106 
4130 Cast Steel 
Fragment Data* 
Type	 T58 Tr-Hub Bladed Disk Fragments 
Material Disk: A-286
	 Blades: SEL-15 
Outer Radius (in)- 
Fragment Centrojd from Rotor Axis (in) 7.00 
Fragment Pre-Test Tip Clearance from Ring (in)
2.797 
Fragment CG to Blade Tip Distance (in) 0.50 
• Fragment Weight Each (lbs) 4.203 
Fragment Mass Moment of Inertia about its 3.627 
CG (in lb eec2) 
Rotor Burst Speed (rpm)  0.0666 
Fragment Tip Velocity (ips)  19,859
Fragment CG Velocity (ips)
 
14,557.2
Fragment Initial Angular Velocity (rad/sec) 5816.7
Fragment Translational(in-lb) 2079.6- 
Each Fragment 
Total for Three Fragments 158,922 
• - Fragment Rotational KE (in lb) 476,766
Each Fragment
	
-	
-.
r	
: 
Total-for Three.Fragefg
•. 144,018 
432,054 
Applies to each fragment unless specified otherwise.
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•TABLE4  
SUMMARY OP CM-JET 42 CALCULATIONS MADE TO ANALYZE 
4130 STEEL CONTAINMENT RING RESPONSE TO T58 TURBINE
	 - 
ROTOR TRI-HUB BURST ATTACK IN NAPTC TEST 201
	 - 
Ca].culationa. 	
r (in) Identif.
Simultaneous 
No.	 f p	 Impact 
T-1	 2.555 0	 Yes 
TFm-2	 3.360 0	 Yes 
TBR-3	 .	 4.203 '	 0	 Yes 
THR-4	 2.555 0.3	 Yes 
TBR-5	 2.555. 0	 Nob 
a:	 In all cases: (a) 48 equal-length cubic cubic elements with 
4 DOF/Node were used and (b) the steel ring material be-
havior was medeled as EL-SN-SR. 
b:	 Fragment 1 was released first and-60-microseconds later, 
fragments 2 and 3 were released; unsymmetric 
response subsequently occurred.
153 
Quantity Number of Equal-Size Fragments, a 
2 3 6 
Mass of Fragment 
mf	 ( 1.b-sec2)/in l.43xl0 9.22x103 4.66x103 
Mass Moment of Inertia S 
about Fragment CG, I f (in-Th-sec) .120
- 
.0666 .0164 
Distance from Axis of Rotation 
of Rotor to Fragment CG, r(in) 2.266 2.797
S 
3.05 
Distance from F:agment CG 
to Blade Tip, Lf-(in) 4.734 4.203 3.95 
Nominal Pre-Impact Translational 161,050 158,200 95,079 
Kinetic Energy per Fragment+ 
(KE) f	 ,	 (in-lb) 
ot 
Nominal Pre-Impact Rotational Kinetic 262.216 115,125 35,921 
Energy per Fragment+ _S 
(KE) f 	 ,	 (in-].b)	 s 
or
- Nominal Translational Velocity 
Fragment CG, Vf (in/sec) 4,746 5,858 6,388 
Blade Tip (in/sec), 14,661 14,661 14,661 
.Nominal Failure Speed 
w  = 20,000 -.pm .= 2094 rad/sec
	
S
S.
I 
TABLE 
SUMMARY op OF CON'1JNMIT RING TESTS, CONDITICNS, AND MATERIAL PROPERTIES 
FOR THE NAPTC T58 TURBINE ROTOR BURST CONTAINMENT TESTS 
-Ring-width Conditions Studied
	 - 
Test Identification 
Axial Width Number of - 
w(in) Fragments NAPTC Test Number 
0.5 2 135,137 
1.0 2 129,131,133,142 
0.5	
- 3 168,169,172,177,1.78,189 207 
1.0 3 126,127,128,].30,132,138 139 141 188 
1.5 3 192,193,195,196,197,199,201 202 
2.0 3 170,173,174,176 
1.0 6 134,136,140 
Identification of Containment Ring Material Supplier 
Test Identification 
Supplier Number of 
Fragments NAPTC Test Number 
National 2 129,-i31,-133,135n7; 142 
Forge (NP) 3
- 126, 127, 128, 129, 130, 132. 138 139 141 168 
• 169,170,172,173,174,176, 177,1,8 
NP
.	 6
-	 134,136,140	 - - 
•	 ACXPCO	
. 
-'
.-	 l88 ,I89,192,13,I95,1.g,197 199
	 - 
--
201,202,207 
Nominal Mechanical Properties -of 4130 Ca, Steel Containment Ring Material4 
a-	 :--	 C.:	 E.	 . 
.. - 
Supplier •• .	
..	 ksi) ..	 (ksi) . -	 (psi)Win 
.
NP	 . .	 .	
.	 80	 111	 o.oa	 30x106	 .283	 03 
ACIPCO 83	 121.	 0.15	 30x106	
.282	 0.3 
37 -- subscript "0" refers to static properties-
154 
a.
TABLE 7' 
DATA CHARACTERIZING THE PRE-IMPACT FRAGMENTS IN THE NAPTC.365_ 
TURBINE ROTOR BURST TESTS AGAINST 4130 STEEL CONTAINJ RINGS 
--Quantity
Number of Equal-size Fragments, n 
2 3 [6 
Mass of Fragment 
mf
 (lb-sec2
 Vin 4
.146
.0960
.0471 
Mass Moment of Inertia 
about Fragment CC, If(in-lb-sec) 7.92 3.63 0.891 
Distance from Axis of Rotation 
of Rotor to Fragment CC, 
rCG (ia) 5.405 6.843 8.155 
Distance from Fragment CC 
to Blade Tip, Lf(i.fl) 9.915 8.478 7.165 
Nominal Pre-Impact Translational i, 689,640 1,780,810 1,240,920 
Kinetic Energy per Fragment 
(10E) f
	
'(in-lb) 
ot - 
Nominal Pre-Impact Rotational
	
. 3,139,150 1,438,390 352,910 
Kinetic Energy per Fragment - 
(KE) f	 ,	 (in-lb)  
or 
Nominal. Translational VeIOcty+ 
Fragment CC, Vf(in/sec) 4811 6091 7259 
Blade Tip (in/sec)
	 -	 .	 -	 .
-	 -13,637.. 13,637 - 13,637-; 
Nominal Failure Speed 
8500 rpm F 890 rad/sec
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.-
Ring Width Conditions Studied 
Test Identification 
Axial Width Number of - 
w(in) Fragments NAPTC Test Number 
2 167,175,180,181,182,203 1.25 
2.50 2 204,209 
1.25 3 211 
1.25 6 205,210,214 
Nominal Mechanical Properties of 4130 Cast Steel 
Containment Ring Material 
a	 a C	 E	 p	 V 0	 U0 3 
Supplier (ksi)	 MA) (in/in)	 (psi)	 lb/in 
ACIPCO 60	 100 0.08	 30x106	 .283	 0.3 
Ref. 37 - subscript "o n refers to static properties.
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Test Identification and Impact Conditions 
Beama
 and Fragment	 b Remarks 
Test No. Impact Vel.. Initial Kinetic 
(in/sec) Energy (KE) fQ
	
(in-lb) 
CB-9 1896 686 Small Perm. 
Deflection 
CB-13 2490 1183 Moderate Perm. 
- Deflection 
CB-18 2794 1489 Large Perm. 
Deflection 
CB-16 2868 1569 Just Beyond 
Threshold Rupture 
CB-14 3075 1804 Well Beyond 
Threshold Rupture 
a:	 Nominal Beam Dimensions are h0.10 in, w1.50 in and, 1=8.00 in; 
both ends are ideally clamped. 
b:	 Fragment is i 1-inch
	 iameter steel sphere of nominal mass 
0.3815 x 10
	 (lb-sec )/in; m.idspan bnpact. 
Nominal Mechanical Properties of 6061-T65l Aluminum Beam Material 
aa	 .	 C.	 E:--.-	 p	 v u	 m - 
•	
-	 0-	 -
 
(ksi)	 (ksi)	 (in/in)	 (psi)	 lb/in3 
6. 42	 45	 020	 l0xl0	 :0.098	 :	 0.3 
+Ref	 16 -- subscript M0fl refers to static properties
..	 --	 - -	
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• APPENDIX V 
V
FdMXEW OF oov o EOMMONS V 
A.l	 Introduction 
POrV the reader's convenience, a brief re,iew is given here of the basic 
equations upon which the--computer codes discussed in this report for predict-
jug the large-deflection, elastic-plastic, transient structural 2-d responses 
• (of beams and/or rings) to externally-applied loads are based. 	 In particular, 
V
V 	 the equations of action based upon the Principle of Virtual Work are described 	
V 
for a structure represented as a general solid continuum. 	 These equations - V 
are then utilized to provide a finite-element analysis of 2-d beam/ring struc-
tures; included are the pertinent stain-displacement relations, the selections of 
appropriate generalized displacements and assumed displacement fields for the 
element, and the derivation of element properties. 	 A convenient stress-strain 
representation for the mechanical behavior of the beam/ring structural material
V 
is described.	 Finally, an illustrative transient-response solution procedure, 
utilizing the timewise central-difference (explicit) operator for a 2-d V 
structure subjected to prescribed externally-applied transient loading is V 
given; Refs. 3 and/or 5 may be consulted for a description of the use of V 
the (implicit) Houbolt tiinewise finite-difference operator for solving the
V 
nonlinear equations of motion.
V 
To avoid unnecessary repetition, the procedures used --to analyze the	 V 
responses of 2-d beams and/or rings to fragment impact is not included. 	 For 
that information, the reader is invited to consult (1) Ref. 4 concerning the V 
CIVM-JET 43 (single-layer structure) program or (2) Ref. 5 for the CIVM-JET 53 
(inultilayer structure) program. 
A.2 Formulation of the Equations of Motion 
Consider a deformed continuum (or structure) to be in equilibrium under 
the action of body forces and prescribed externally-applied surface forces 
(or stresses) on the surface V area A0 ; let prescribed geometric boundary 
conditions be given on the remainder of the surface area A 	 •	 Let this body 
undergo arbitrary infinitesimal virtual displacement 6u. coflsistent with the 
prescribed geometric boundary conditions; for this situation, the Principle
V 
of Virtual Work requires that (17,20, and/or page 248 of Ref. 48):
	
V 
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-	 V
.. 
f & .dv 
-f B' vJ T'
	
= t	
A0 where s is the second Pioia-Kirchhoff 
stress tensor (hacj o a unit area of the undeforj body), 131 is the body force .
 (inertia, magnetic, etc.) per unit mass, T is the ezterna1.ajed  
surface traction (measued per unit area of the undeformed state),Y
ij is the Lagrangjan (or Green) Strain tens the ui are the displacement components,
	
or,
 p0 is the mass per unit volume of the undeformed state, and only disp1acem
	
variations are permitted. Note 
in a 
that Latin indices take on separatei.y values 1, 2, and 3; repeated indices given term means automatic summation over these index values. These integrations are performed over the undeformed volume V and the undeformed surface area 
 
-	
- Cr° 
Note that the Lagrangj (or Green) strain tensor y j may be expressed as
+L,4. -
	 a.)	 (A.2) 
whereC ) . denotes covarjant differentiation with respect to the material (j=1,2,3) using the metric tensor of the—undefOrmed state. By employjg the concept of D 'Alembert 's Principle, the body forces 
	
may be regarded as consisting of the D 'AlemJert in
	 forces (-pii)
and other body forces p? (magnetic, etc.,). Hence, one may write: 
f0 8'	
-f IL' +j' F' 
where () denotes double differentiation with respect to time. 
Applying Eq. A.3, Eq. A_i becomes 
5 S"s y
. dV -f(-i. a L^)dv JL'sdA = V 4	 A 
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As usual in the assumed-displacement version of the finite elnt method, 
the actual continuous structure is modeled as a compatibly-joined assemblage 
of finite elements. Expressing Eq. A.4 in terms of the contributions from 
each of the N finite elements or regions, one obta in: 
N 
2:(f 	 -. 	 r(A.5) v1'JT S4A) = 
no
A0.. 
N no ext, for each finite element one chooses a selected finite number of control 
stations or nodes at which control generalized displacents {q} are defined; 
these acontrol stations may be on the boundaries and/or the interior of the 
element. Using these control-station q's, one assumes the spatial distribu-
tion of the displacements u in the element to be expressible in terms of 
appropriate interpolation functions such that one may write 
u(#) =L LY t *)J( 1 J	 (A.6) 
where i (i-i, 2, and/or 3) represents a selected direction. Since the strains 
Yij are expressed in terms of displacement gradients and combinations thereof 
(see Eq. A.2), one may write 
= I c. jf} ^L ,JfD JLD;1i p 	 (A.7) 
Hence,
t D. j I f9 j j + L	 (A.8) 
Next, expressing Eq. A.5- in
 terms of the element's generalized displacements 
and using Eqs. A.6 and A. 7,
 one has 
I	 ± }1[J *}) =	 (A.9) 
g 
=
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where the following are evaluated for each finite element (subscript NUR): 
[nij = J(uJ f Lu] at 	 (A.9a) 
[ 1, } = J f Dj	 (A.9b) 
fhJ 
= JV1JL D;J s tv	 (A.9c) 
$ ;(J+$ {LJj T JA 
Note that fp} and [hi involve stress information S ij throughout the vole 
Of each finite -elnent. 
•	 Next, it is desired to express Eq. A.9 in terms of the independent 
global generali
	 displacements {q*} 
for the complete assembled djscretjzp

structure rather than in terms of the fq} for the individual finite elements. 
For every finite element one can take this into account and express the 
fql 
of each element in terms of the (q*} by 
[J [jJ[*J 
Applying Eq. A.10 to Eq. A.9 to describe the system in terms of inqUendent
 global generalized displacements {q*}, one obtains: 
IfJ((mJ(rJ +[?J + f]f} -{i) =0	 (A. 11) 
where
(J=1JJTLJ(JJ	 (A. ha) 
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0
•= [J 
]T
(A.U) 
1] = LJJ1J[J J 
{c4J
	
firm 
Performing the summation and since the 6q* are arbitrary and independent, 
one obtains: 
[M]f "*j +P} +{}{} = [FJ (A.12) 
- where	 -
0 
'	 d 
•	 -
(A.12b) 
*
(A.12c) 
{F} =1 ±	 • : }
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Note that (Ml is the global, mass matrix, [R] {q*} represents Eforcess 
associated with large deflections (nonlinear terms in the strain-displacement 
relations) and plastic effects",
	 represents internal elastià forces, 
plastic forces, and some plasticity effects associated with the linear 
termsof the strain-displacement relations', and {} represents the 
generalized nodal load vector accounting for externally-applied distributed 
or concentrated loads. 
The equations of notion represented by Eq. A.12 are usually termed the 
unconventional form but are very-- convenient for analysis and computer 
implementation. On the other hand, one can obtain the wconventional form"'
 
of the equations of notion by employing the stress-strain and strain-
displacement relations to express the stress S in terms of the element 
generalized displacements {q}, using the concept of initial strain: 
't	 -i-'R' 
_y" 
-	 ti	 1fi
(A.13) 
•	
- 
where Irp
 is the plastic strain component of the total strain
	 and 
is the matrix of elastic constants. Applying Eqs. A.13 and A.10 to 
Eqs. A.9, A.9b, and A.9c, one obtains:
NL  )IM ] cj.} + [k'}[fJ = J+fF	 [FLJ + [F NLJ (A. 14) 
where [M] is the global mass matrix, [X] is the usual global stiffness matrix 
(for linear-elastic small deflection behavior), fF1 is the generalized nodal 
load vector representing externally-applied distributed or concentrated loads, 
(F} represents a generalized loads' vector arising from large deflections 
and is a function of quadratic and cubic displacement terms, fFt} and I FNL} 
+
See page 50 of Ref. 17.
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are the generalized load, vectors due to the presence of plastic strains-an
 d
	
Ii 
are associated, respectively, with the linear and nonlinear terms of the 
strain-displacement relations. 
Equation A.14 represents the so-called *conventional" formulation of the 
equations of motion for nonli near responses, where the large deflection and 
plastic effects are taken into account through the use of generalized (or 
pseudo) loads which are function of plastic strains and displacements. The 
element stiffness matrix [k] may be readily shown to be 
1J = $	 0" L D dV	 (A. 14a) 
hit 
Also,
_kg]
	
(A. 14b) 
and 
•	 441 
.4 
JKI 
 
=	 . 2
* 
A more detailed discussion may be found in Refs. 17 and 20. 
Note that the very compact and efficient "unconventional form", Eq. A.12, 
of the equations of motion is used together with the timewise central-difference 
operator to predict 2-D transient structural responses in the JET 3A and JET 3c 
codes of Ref. 3 and in the CIVM-JET 4B code of Ref. 4. Or the other hand, in 
an endeavor to employ a larger allowable tine-step-size increment At for the 
transient response solution, the Roubolt timewise finite-difference operator 
is used in the JET 3B and JET 3D codes of Ref. 3 and in the JET 5A and 
CIVM-JET SB codes of Ref. 5; these codes utilize the "conventional form", 
Eq. A.14, of the equations of motion.
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.A.3 Finite Element Analysis of Curved Beams or gings
 
Consider an initially-wdefo, arbitrarily-curved, variable 
-thickness-, 
single-layer beam or ring subjected to prescribed transient externaily-applied 
surface loads and to only D'Alembet body forces (inertia loads). Let it be 
assumed that the ring consists of ductile metal-and that a large-deflectjn, 
elastic-plastic transient response will be produced. For analysis the 
structure will be represented by a compatibly-joined assemblage of N finite 
elements, one of which is depicted in -Pig. A.l where its geometry and 
nomenclature are shown and where the deformation plane is il, ; the 
coordinates r along and normal to the centroidal reference axis of the 
beam are employed as the reference coordinates for this curved beam element. 
It is useful and convenient to use the following geometry to describe 
this typical curved beam element and to approximate the actual given complete 
beam or ring by a finite number of these "typical, elements". Note first 
that a global Y,z Cartesian reference axis system as well as a local y,z Cartesian reference axis system are defined; for the latter, the +y axis 
•	 passes through the ends (that is nodes i and i+l) of the element and makes 
an angle +a (for this ith element) with the +Y axis. The slope, $, of the 
reference circumferenti.aj axis n, which is the angle between the tangent 
vector a to r and the y-axis of the local-reference Cartesian-frame may be 
approximated by a second degree polynomial in r, as follows (17): 
= b0 + b, )I + ha ;1	 (A. 1S) 
where the constants b, b1 , and b2
 can be determined from the geometry of the 
curved beam element as described next. Assume that the change in element 
slope 0 between nodes i and i+l is small such that 
ce5(ct.^,-	 ) :	 (A.l6a 
and
si,i Id' 	 -	 -	 (A. 16b) 
-. 'L+I 
.	
313
This restricts the slope change an
 element to <15 degrees. The arc 
length, r, of element i is approximated to be the same as the length of a 
circular arc passing through the nodal points at the slo pes +i
 and 
hence, fl is given by
L(+,—.) 
'2 =
	 (A.17) 
-	
&	 2
J4	 2 
where L. is the length of the chord joining nodes i and i+1, and is given 
by
L= {(Z+1- 
)Z (y	 )Z 
The three constants in Eq. A.15 are then determined from the relations 
= cpa.
(A.18) 
•.1 J q,()d =0 
From Eq. A.18, the constants in Eq. A.15 are found to be 
b = 
	
0	 (A.19) 
= -2 ( 4+ - Vti 
= 3(ci- 'j/(7)1 
Accordingly, the radius of curvature, R, of the centroidal axis may be 
	
expressed as R =	
= -(b1+2b2fl) 1, and the coordinates Y(fl) and 	 - 
Z(n) of the centroidal axis axe given by 
Y(-k	 Y=	 + c5[	 ) +	 (A. 20a) 
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and
('z) = Z. 
-J	 i 4'('t) + 
where
_,/zi41-z41._\ 
= tar' (•	 --'1' (A. 20c) L 
The thickness variation along the element is approximated as being 
linear in rl between nodes; thus, 
	
h() = h 1 (i_)+ .	 (A.21) 
4+1 
This completes the needed description of the geometry of the curved 
beam element. To be reviewed next are the strain-displacement relations, 
•	 the assumed-displacement field for the element, and the resulting element

property matrices identified in Eqs. A.9a-A.9c and in Eq. A.14a. 
A.3.1 Strain-Displacement Relations 
Let it be assumed that the curved beam deforms-according-to the 
Bernoulli-Euler hypothesis; that is, (a) plane sections remain plane, (b) 
normal s to the midsurface (or reference surface. -
 centroidal axis) before 
deformation remain normal to that reference surface after deformation, and 
(ci these normals do not stretch. Thus, the displacements (Ti, ) and (ri, ç) 
at any location (n, C) within the element can be expressed in terms of the 
displacements v(n) and w(n) at the reference axis (where C=O) by 
= v(i) 
_34P	
(A.22) 
= w() 
where
	
W,	 V 
1.	 (A.22a) 
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.By applying Eq. A.2 to Eq. A.22, one can show that the only Lagrangjan (Green) 
strain component of importance in this problem y (hereinafter denoted .s 
Yll for simplicity) is given by (20]: 
=	 .f 
+	
J	
+ _' 1- 	 1
(A.23) 
Linear	 Nonlinear
	 Linear 
- 
Membrane	 Bending 
or more compactly as 
E() + 
where
—+--
R (A. 23b) 
LP - ____
(A. 23c) 
2	 Z 
E0("() = Z + - % + 7Z W	 (A. 23d) 
K()	 (A. 
Note that the part of y which does not depend upon is 
often termed the 
membrane strain, and is comp
- lete in the sense that all of the linear and the 
nonlinear terms of this portion are present in Eq. A-23. On the other hand, 
only linear terms have been retained (inRefs. 3, 4, and 5 and for present 
purposes) in the bending part of this strain; the inclusion of nonlinear

	
bending terms is discussed, for example, in Ref. 20.
	 - 
Since (1) the displacement
	 (n • C) and (%C)-Can be expressed in terms 
of v and w and (2) the extensional strain y is expressed conveniently in 
terms of the quantities x and , it is both convenient and natural to employ 
these four quantities as"generalized displacements" q} at each end, i and 
i+l, of the ith finite element.
. 
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A.3.2 Assumed Di.wlacet Field 
To ac 
	 for thLe'strain-inducing displa displacenents, the as	 cements and sma
ll 
rigid-body
s,mied disp1aceme field takes ­-the-form [17,20]: 
• I	 [-sin 
cost SIn 
 J - 	 '	 ¶°	 (Z) (()^(Y4) cos(+) 
z	 Iffls 
o 123 o
8. 
This can be written more cpactly as
	 - 
fu}= IW =} [	 j{J E[uJfrJ 	 (A.24a) 
The eight uncefined parameters8 may be expressed in te. ,s of the 
S
eight generaij  displacements (q} or degrees of freedOMLselect d for this element -- four at each end (or node). These (q} are defined by 
I v w	
T 
	
"	 (A.25) 
'8 
Hence one may write
	 -	 - 
rI 1 	 1 
	
. = f A j [p }
	
• (A.26) I 8J where
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C
[AJ=
c_5 #i 5I,# 0	 0 0	 0 0 0 
-Sin A Cos 0	 0 0	 0 0 0 
o e •0 0	 0 0_ 
o a a	 1 o	 a a e 
ces 4 s in 0j.,	'+, A5.3
	 21 a	 a 
- sin 04+1 COS L /143	 0 Ti 0
o	 0	 'i(4 2j3	 r6 01 
o	 0	 0	 1 
-(4 ;(4 2 's. 3 
'
(A. 26a) 
and
Ag3 (Y1) Si. (1 +) _(Z) cos(S,+cc) &+1 S A3= ('c-x) c(4+)^(2 Z) ('++ °'? 
correspondina to the assumed displacement field Eq. A.24, one finds 
= 
0 0 J	 271 37f —	 ffPj
	
(A.27a) 
R ft 
and
2 3 
•z L
	
z 32 Jft] [c JftJ =000 1-- 
Hence, the quantities c (n) and K(n) appearing in the strain y 11 (n, c) 
which is denoted hereinafter simply as E are given by Eq. A. 23a and become. 
'V w\ i /v	 )W E ()=!—+—i 0	 1'r R  
L1Jf} +:L '4fB J LB If ul .. fLJ1B21BI(2J 
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- zo (2 
"1  i—)I--EL 3 J1. uJ	 (A. 28b) 
0= ining Eqs. A.24 through A.28b, one obtains 
[:} fJ = fuo J[A-']['j 
and	
= I D,Jf1J + - L 1J1DjI D1J(} +-Li(q}ItJf7..J
(A.30) 
x=1'JI} 
where
I c J = LB i[uJ[A'J
	
for i - 1, 2, 3 
and
I B1 J[Ll]	 o o o I —4,' -
	 2	 3 j 
1B2JLul10 0 1 7to' 27 3( 	 30ij	 (A. 30b) 
, 14 I J1u	 o J 1 	 0 0 —4" -	 -2 _2p2	 2,t 
In the process of solution, it is necessary to evaluate the strain

increment AC
M
from time t
	 to time t
	 Using Eqs. A.12 and A.14. one has 
E 4E0 
where
A 460. = LD1JI I + ! ]fDJLcJf4fj +LJ(4}LDJf4,} 
114
 JIDJL J{ .. } - -- I 	 JfDZ 1 .j {}
	 (A. -z 
XJ3Jfit1,1J 
Also, from Eqs. A24, A.23c, A.27a, and A.29, one ma; write 
0	
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1]
=	 :	 1[ I
	
[Noo]f '.3	 (A.32) 
Accordingly, consistent with the assumed displacement field, one may express 
the-velocities v,;,.and j, (where C) denotes the time derivative) as 
[Nool f if=	 (A.33) 
A.3.3 Finite Element Properties 
The finite element property matrices of interest are (m], (p), (h), and 
ff} given, respectively, by Eqs. A.9a, A.9b, A.9c, and A.9d for use in the 
Nunconventional formulation"
 -- to which the present review is being 
restricted. In addition, however, as explained later it is useful to 
evaluate the element stiffness matrix [k] for linear behavior as given by 
Eq. A.l4a. 
Element Mass Matrix [in] 
•	 Since
[y,]	 J fUJIJ	 (A9a) 
.vno 
one needs to form U.() as indicated by Eq. A.6. For this case, using 
Eqs. A.22 and A.32, one obtains 
1J =[ j 14"j= 0 1	 ][ I 2X3	 3Z8 9r1
Comparing  Eq. A.34 with Eq. A.6, 
fuj 
= [ ; c 
2 X8	 2X3	 3X8
(A. 35) 
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Hence, from Eq. A.Sa, Em) becomes 
("J = S1N .[0	 ''	 ][Nooldf dr (14)i 
Performing-
 the dE dC integration 
at any station fl and neglecting the
	 terms for-thin rings, one obtains
- 
Iri
-r 1"]	 = S 1'k'JJ 1B 'r)JfNC'O] (A. 36a) 
$X5	 SXS	 3X3	 39 
where for a beam of uniform width b, 
B(t)
	
(A. 
if-Po ['01 ][0 J 	
I )
____ 
tz 
Recall that p	 is the mass per unit volume of the undeformed body and the 
integration is performed over the undeformed volume.
	 In practice, the integration indicated in Eq. A. 36a to form [ml is performed numerically
- by Gaussian quadrature.
	 Note that [ml is formed by using the assumed displacement field which is used also to determine 
the strain Y11; hence, this [mJ is 
called the consistent mass matrix and is a heavily populated matrix.
The use Of both consistent-mass matrices 
anddiagonalized-massmatrices
 is discussed in Subsection 2.5.3.
II 
Element Matrices fp}	 _Ehj 
Note that these matrices are given by 
f } =	 S 'dv 
= J {DJJ ID,j S ' V	 (A. 9c) 
n.
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Since the only mating non-zero strains and stresses present in this problem 
are y. and S, the indicated summation becomes quite compact; for 
convenience, let $11 a andYll H C. Also, note from Eq. A.7 that 
pertains to the linear part of y ; hence, from Eqs. A.7, A.23a, and A.30, 
it is seen that 
[JID11iE(ir.,i+icj) 
Also, the ntlinear-term contributions provide 
1 1 ?LL}1 b] ({b}J D, ] + JDJJD  
Hence, Eqs. A.9b and A.9c become jj=J (1b1 +1tJ)ov 
"0 
1] = 5 ([Di ll D, j + f4 IL D. J) o- -(V vn. 
Since D1, D2, and D3
 are functions only of r, one can perform first the de dC 
integration and then the dTI integration. Accordingly, let 
ff 0r-d5 d3	 and	 ff3cr dçL	 (A4o 
Applying Eqs. A.40 to Eqs. A.38 and A.39, one obtains, respectively: 
It f} =(tDI I Loo + IDI M('t)) 4k 
j =5 (fD II D, I +fDz 
Since the stress a varies, in general, at each time step or instant at every 
location within the volume of the element, fp} and [h] are evaluated by 
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numerical Gaussian quadrature at each time instant of the timewise solution 
process. 
Element Applied-Force Vector ff} 
This element applied-force vector (f} involves only the surface traction 
term since, for this discussion, it has been assumed that no body forces f1 
are present. Hence, Eq. A. 9d simplifies to 
[fJ =
 f fQ1 
For convenience and simplicity, let it be assumed that the surface integra-
tions of the prescribed applied surface tractions T1
 have already been 
Performed at each circumferential station fl so as to provide force resultants 
and F(), and the moment resultant M(r)) each per unit spanwjse 
distance. In this case, Eq. A.41 reduces to 
71i	
JT F 
•	 fc} f [N(v	 V	 et-j	 (A.42) 
Element Stiffness Matrix 
In the present discussion, the equations of motion for the complete 
discretjzed structure are based on an aunconventional. formulation in which 
the conventional elastic stiffness matrix, [K] • for the Rcomplete assembled 
structure" does not appear explicitly. However, in order to calculate an 
allowable time step size, tat, for the conditionally-stable central-difference 
timewise operator, the largest natural frequency contained in the (linear) mathema tical 
model of the structure must be determined. To perform this calculation, the elastic stiffness matrix for the assembled structure must 
be computed. The elastic stiffness matrix [k] for an element is given by 
Eq. A.14a: j f ki j E4	 tv
(A. 14a) 
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For the present problem EijkL is simply the elastic modulus Band 
[o] B (jD1J + CLDJ). Hence, one obtains, after performing the dE d 
integration for thin rings: 
U.t J = J(fD.jEb k I D, J + {L _ID I)
	
. 
A.4 Stress-Strain Description 
For convenience and simplicity, the mechanical sublayer model is 
employed to describe the mechanical behavior of the structural material 
which is assumed to be ductile. In the mechanical sublayer model, tA.t't 
uniaxial tension (or compression) stress-strain curve of the material is 
first approximated by (n+l) piecewise-liflear segments which are defined 
at coordinates [(ak 	 k 1, 2, ...n], as depicted in Fig. A.2a. Next,

the material is envisioned as consisting, at any point in the material, of 
n equally-strained usublayerse of elastic perfectly-plastic material, with 
each sublayer k having the same elastic modulus B, but an appropriately 
different yield stress 0ok (see Fig. A.2b). For era'iple, the yield stress 
•	 of the kth sublayer is 
=	 (A.44) 
Then, the stress value, a  associated with the kth sublayer can be defined 
uniquely by the strain history and the value of strain and strain-rate 
present at that point. Taken collectively with an appropriate weighting 
factor C. for each sublayer, the stress, a, at that point corresponding 
to strain C may be expressed as 
=	 (E)	 (A.45) 
where the weighting factor Ck for the kth süblayer may readily be confirmed 
to be
-	 E •	 (A.46) 
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.where 
EE, E=	 -	 (4t=z,3,...t),E=o (A.46a) 
I	 4t	 E4-64.1 
The elastic perfectly-plastic and linear strain-hardening constitutive 
-relation-may be treated as special cases. In the case of elastic perfectly-
plastic behavior, there is only one sublayer, and in the case of linear - 
strain-hardening material there are two sublayers and the yield limit of the 
second sublayer is 'taken sufficiently high so that the deformation in that - 
sublayer rema i n elastic. Finally, it should be noted that the above rules 
for the mechanical-sublayer model require that the stress-strain curve being 
represented must be such that the stress either increases monotonically with 
increasing strain and/or reach a limit but it can not decrease; some of the 
implications of this restriction are discussed in Section 6. 
From the computational point of view, the use of the mechanical-sublayer 
mode], is very convenient to analyze problems with general loading paths 
including loading, unloading, reloading, and cyclic loading. Its features 
include the kinematic hardening rule which takes the Bauschinger effect 
into account (see Fig. A.2c). Also, this mechanical sublayer model may 
readily accommodate the strain-rate effect. Figure A. 3a illustrates 
schematically the uniaxial stress-strain behavior for a strain-rate dependent, 
elastic, perfectly-plastic material whose rate dependence is described by 
(24,25]:
/ 
= cT(I +	
_m	 )	 (A.47) 
while Fig. A.3b depicts the corresponding behavior for a strain-hardening 
material which is represented by the mechanical sub].ayer model, each sublayer 
of which has the same values for the strain-rate constants D and p. For 
this special type of rate-dependent strain-hardening material, the stress-
strain curve at a given strain rate C is simply a constant magnification 
of the static stress-strain curves along rays emanating from the origin. 
. 
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•	 Let it be assumed that at time instant t the stress and strains of all 
-:	
sublayers and, hence, of that material point are known. Beeen t and 
let there be a strain increment 	 and an associated strain rate (A€ 1 )/(t). 
The individual sublayer stresses arefound conveniently from the following: 
y 
>01
LT I.	 °;.dk -	 (A.48) 
EE	 0	 tT - 
-	 P1+1 AJOI
t 
> - o- --I_ 0 
Y-k
( 0	 - I
-YA 
there a trial value of stress at time t 1 in the kth sublayer defined by: 
t 
Lr	 =0 
.1,1.1	 1,1+1 
and 
S
(A.49) 
(A.50) C- YA e.t	 DI 
is analogous to Eq. A.47 and applies to the kth sublayer. Once one has 
determined	 for all sublayers at time t 1 , Eq. A.45 , ij used to compute 
the actual uniaxial stress 	 at that material location at t1. 
A. 5 Transient Response Solution Procedure 
For present illustrative purposes, let it be assumed that Eq. A.12,
the 'unco'%vention'l form" of the equations of motion, is to be used to carry 
9 
out a timewise step-by-step solution in small increments At in time by using 
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the timewise central-difference operator. At time t0, the structure is in 
a known unstressed unstrained state with (q*} = (o} and fq} = {a}, for 
example. Also, the structure is subjected only to prescribed externally-
applied transient loading. 
Accordingly, Eq. A.12 is to be solved at a sequence of instants in time 
At apart by employing the following explicit, conditionally-stable, central 
difference, finite-difference time operator approximation for the accelera-
tion im
 at time t: 
11,1 ' =
-Z A. + 
2	 + 0 (Ltt)2 (At) (A. 51a) 
where O(At) 2  means that this finite-difference approximation has a truncation 
error of order (At) 2
 Also, one may approximate the velocity ; at time t 
by:
=	 li'+1  
2(ult)	 +	 (A. 51b) 
At time instant t the equations of motion (Eq. A.12) become: 
1MJ{} + [PJ. + [HJfJ = fF1 
In Eq. A.52 all quantities, in general, except [MI change with time. If the 
solution of Eq. A.52 has been obtained for earlier times, one can compute 
from Eq. A.52 and then obtain {q* 
)M4-1 from Eq. A.51a. 
Assuming that at t0 the structure is in a known condition fq*}=o and 
for example, one can readily obtain (q*}1 at t = mAt for m=1 from 
the following Taylor series expansion: 
f } = ['J:+ { r	 f ' j (t)2 + O(4t)3 
since } 
0 is prescribed and all other quantities are known. 
S
	 327 
[I
In the timewise step-by-step solution process involving large-deflection 
elastic-plastic transient responses, {} and (HI change with time and hence 
must be reevaluated, in general, at each instant in time. These quantities in 
turn are composed by assembling the contributions (p*} id (he] frem each 
finite element. It is seen that these quantities involve volume integralsof 
information-involving, in general, the stress state s'. In practice, these 
evaluations are carried out by appropriate numerical integration; namely, 
Gaussian quadrature. 
At any instant in time t	 one needs to solve Eq. A.52 for 
which is of the form: 
[M][x(L)}= {b t }	 for , in 
where
(MI is a known banded positive definite symmetric matrix (the 
mass matrix for the restrained or . unres trained structure, 
whichever case is being treated). 
S	 {x (t) IM is a vector of unknowns which must be determined by solving Eq. A.54. 
(b(t) }
	
is a known vector (representing all terms except (M] (j*}
M.
 in Eq. A.52). 
In principle, one can always form the inverse matrix (MI -1 and pre-multiply 
Eq. A.54 by [MI -1 to obtain-
jMJIMJ[x(t)},= IM][hct)J 
which results in the solution:
-s fx(t)}= IM ] I b(t)} (A.55) 
since (MI -1 [M] = (I) where [I] is the unit diagonal matrix. However, it has 
been found that independent of the number of time instants at which one' 
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wishes to solve Eq. A.54, such a procedure is not as efficient as is the 
Choleski method (49]. 
Briefly, the Choleski method involves factoring the matrix (M) to farm 
a lower triangular matrix ELI and an upper triangular matrix (which is the 
transpose of the former) such that EM] = EL] (LIT where (LIT is-the transpose 
of ELI. Thus, Eq. A.54 may be rewritten, as 
IL iLL J[xtj = {kcti} 
Next, form an intermediate matrix (y} which is defined as 
1L = f L x  
From Eqs. A.56 and A.57, it follows that 
[L Jf ' J =[ba)	 (A. 58) 
At each time instant, one solves Eq. A.58 for ( y} very readily because ELI 
is a lower triangular matrix. One then solves Eq. A.57 for {x} very rapidly 
also by algebraic back-substitution. 
The following gives a concise step-by-step description of the typical 
problem formulation and solution process. 
Starting from a set of given initial conditions at time t
' - to
 = 0 on 
the generalized displacements (fq*,} (o), for example) and the generalized 
velocities {q}, one can solve Eq. A.52 for {*} at time t o
 and then employ 
Eq. A.53 to compute {q*}1. A slightly different but similar procedure is 
then used to advance the solution in successive time increments tat. The 
process involved in using the finite-element method and the present timewjse 
solution procedure follows (20]: 
Step 1: Construct the mass matrix [m] for each finite element and then 
assemble these contributions according to Eq. A.12a to form the mass 
matrix (MI for the complete assembled discretized structure. This (MI 
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represents the final" mass matrix if the structure has none of its 
genaralized displacements constrained (that is, held equal to zero, 
for øwiinple); however, if such constraints exist, one forms a reduced 
or constrained mass matrix (and, in fact, a reduced set of the equations 
of 'tion) by deleting the rows and columns of (MI associated with those 
generalized displacements which are prescribed to be zero. Next, this 
contrajj'i mass matrix is factored to consist of a lower triangular 
matrix ELI and an upper triangular matrix IL]T according to the Choles3cj 
scheme: {M1{LJ{LJT	 (A.59) 
Since [MI does not change in value with time as the transient structural 
response proceeds, one needs to determine [LI and (LIT only once - these 
quantities need not be re-evaluated at each time step of the calculation. 
Step 2: The prescribed externally-applied transient forces can be employed 
to calculate the generalized applied forces Cf* } acting -on each discrete 
.	 element at each time instant tm of interest. These, in turn, can be 
assembled according to Eq. A.12d to form the assembled applied-loads 
vector {} for the complete assembled discretized structure. 
Step 3: Assuming that at zero time (t = 0), the generalized displacements 
{q* = 0, the generalized velocities are nonzero {* } = {a}, and that 
nonzero external forces (F} are present, Eq. A.52 becomes 
r	 ir•-i -
 
TFJ	 (A.60) 
or
FL][L] r f	 fFj (A. 60a) 
from which one can calculate {*} by using the earlier-described 
Choleski scheme. Then from Eq. A.53 one obtains 
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.	
= t (c	 + T (A t)1[ r	 (A. 61) 
where
	
TAI^i I = I	 - 1- VI	 (A.62) 
= 
[a. } = prescribed initial generalized 
velocities	 (*.62a) 
Also,
= 1'fL +[i*j 
For this case, however, it has been assumed that fq*} = fo}. Thus, 
the displacement configuration {q*}1 at time t1 = to + At is known. 
•	 Step 4: Kn.wing the generalized nodal displacement increments 
{q*} [q*} - {q*} and the generalized nodal displacements 
at time t1 , one knows also the unstarred individual element 
quantities q} 1 and fq}1
 via Eq. A.lO. Hence, one can calculate, 
in general, the strain increment (&r1 ) 1 developed from to to t1 at 
every Gaussian station (or point) required over and depthwise through 
each finite element from Eqs. A. 23a and A.30: 
( 'd Y ) = (..) - ( i.) 
•	 I	 0	 (A.64) 
	
= 1LifL
	
+IJ1(DQ.JJDJfI
	 -+1(JLvi(ii 
With a knowledge of (a) the stresses at to = t1
 - t, and (b) the 
strain increment (eiy..) 1 , one can determine the stress increments 
ii	 ij and the stresses (S) 1
 at time t at each Gaussian station 
by using the pertinent elastic-plastic stress-strain relations, 
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including the yield condition and flow rule, in general.. However, 
a simpler procedure will suffice for the present prob1 
Step 5: Next, one can calculate fp}1
 and (hi 1
 for each individual, finite 
element by using Eqs. A. 38a and A. 38b, respectively. Assembly of this information according to Eqs. A.12b and A.12c, respectively, provides fp}1 and (H] 1 . Since the prescribed generalized force vector W is 
available from known {f}1 information, the equation of motion, Eq. A. 52, 
at tine instant t1
 becomes: 
1M](*} = {FJ 
-[PJ 1'-L(fJ	 (A.65) 
In the interest of minimizing computer storage and the number of manipulations, one first forms for each individual element {b}1	
- {p} - (hi {q}) 1
. 
Then one forms theright-hand 
side vector of Eq. A.65 by 
[j ]
 
k	 N1	 (A.66) 
•	
For clarity of discussion, however, the form of the equation repre-
sented by Eq. A.65 is used here. 
Step 6: Since the right-hand side of Eq. A.65 is now known, one can use the Choleski scheme to solve the following equation for the acceleration 
[ LJLL Jf fl, = ([F}- [P1 -[H]1})	 (A.66a) 
Step 7: With {*} now known, one can calculate the generalized displacement increment (tiq*}2
 from Eq. A.51a as 
fLlfJ ={zi 
	
^(LIt)Zf *}
	 (A. 66b) 
where
[LI 12 = I	 - 1	 (A. 67a) 
+
See Eqs. A.48 - A.50.
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f el. =	 fJ -	 (A. 67b) 
Thus, from Eq. A.67a one has 
I	 =	 +	 (4.37) 
The 
process then proceeds cyclically from Step 4 onwards for as many 
time steps as desired. 
For the central-difference time operator applied to a system of eqzations 
such as Eq. A.12 or Eq. A.14, it has been shown [50,51) that At must be less 
than or equal to 2/wmax to avoid exponential, growth of error Iroundoff,

	
truncation, gross) where w
	 is the largest frequency embedded in themax 
mathematical model of the system. The-criterion At < 2/Wmust be
max 
satisfied for a linear dynamic system such as that involving 
small-displace-
ment linear-elastic behavior. However, for nonlinear large-displacement 
elastic or elastic-plastic behavior, numerical experimentation [17, for 
example] has confirmed that a smaller At is usually required to avoid this 
instability. As a rough guide one may try At < 
O.8 (2/w) as an nitial 
selection; if this value is not small enough, the calculation will blow up 
(overflow) before many time steps have elapsed - this behavior will be 
readily apparent. In such a case one must choose a smaller time increment At. 
Alternately, one could employ
 an implicit finite-difference time operator 
such as that of Houbolt [3,17,521 or Park (53), for example. The solution 
procedure is similar except that nonlinear large-deflection and plasticity 
effects are handled either by iteration or extrapolation. Further discussion 
of these alternate procedures is beyond the intended scope of this review. 
Finally, this review of the solution procedure for the governing 
equations for large-deflection, elastic-plastic, 2-D structural response has 
has dealt with the case in which the structure has been subjected to 
prescribed transient externally-applied loading. For cases involving 
2-D structural response produced by fragment impact, the reader is invited 
to read the (more lengthy) descriptions-given in -(1) Ref. 4 concerning 
single-layer structures and the CIVM-Jr 48 program and (2) Ref. 5 concerning 
multilayer hard-bonded Bernoulli_Euler 2-D structures. 
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APPENDIX B 
S1p OF RELATIONS FOR FINflE STRAIN CONDITIONS 
3.1 Objectives 
The intention in this appendix is to sazjze the Pertinent strain- 
displacement and stress-strain relations needed for the 
finite element 
transient elastic-plasticresponse analysis of 2-D beams and/or rings when 
finite strains must be taken into account.- These relations are 
deve in detail in Ref. 54.
	
loped
 
3.2-Strajn_Djsplacement Relations 
Let it be assumed that a curved beam element (such as depicted in 
Fig. A.1 
with cur
vilinear coordinates , n, C in directions 1, 2, and 3, 
respectively) de-
	
according to the Bernoulfl...Enier hypothesis but modified to account for 
deformtiofl..iflduced
 thicker
	 or thinning of the
That is, it is assumed that: 
(a) plane sections remain plane, S (b) normal to the midsurface (or re
ference surface - centroidal axis) 
before deformation remain normal to that reference Surface after 
deformation, but 
(C) 
these normals may Stretch or contract -- 
according to the imposed approximation that in the plastic range the material behaves as being incompressible (this is also assumed to be true in the 
elastic range Since the elastic strains are 
assumed to be small) 
Further, concerningitem (c) let it be 
assumed that when a
 ferentini extensional strain
	 is present, Structural 	
finite circt. 
thickening or thinning OCCuxs (Y3	 2
 ' 0) but the structure undergoes no strain in the 
across-the- - width (or ) direction (that is,
	
= 0). In this case, one can show (54) that the ext
ension1 strains 'r, Y, and y at any Lagrangi E location in the structure are given by: 
=0	
-	 (8.1) 
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=•: + 3 °	 IC0	 (8.2)(I*z1) 
- } 
where
C0 is the C-location of the "material." before deformation 
(identified by superscript NOt) 
OZ
	 Z+ ' 2 ' z2	 (B. 2a) 
the membrane strain at Co
 0 
= ('av (,+ Z.	
CU,
(B.2b) 
"change of curvature" 
The quantities x and TP are as defined by Eqs. A.23b and A.23c, respectively. 
Also, it can be shown [541 that the true change of curvature referred to 
the deformed inidsurface is given by 
do	 X
(3.4)
- 
where 0 is the angle of rotation, and S is the coordinate along the deformed 
reference surface. Thinning effects are also included in Eqs. B.1-B3. 
It should be noted that Eqs. B.]. through 8.3 apply for finite strans 
and are denoted hereinafter, for convenience, as the Type F strain-displace-
ment relations; however, the structure must be thin such that 1 +
	 1, 
where R is the original unde formed radius of curvature. On the other hand, 
it should be emphasized that the "small strain" expression for Ygiven by 
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9
-2£-- - 
I	 Type  
I	 Type  
[1
Eq. A.23 applies to both m11 strains and snail rotations such that 
1 + 7 . Y z 1, sin 6 0, and cos 0 z 1 where  is the angle of rotation. 
B.3 -Assumed-Displacement Field 
For the Bernoulli-Euler displacement behavior cited in Subsection B .2, 
the assumed-displacement field for a curved beam or ring remains the same 
as that defined in Subsection A.3.2. 
For convenient reference, the strain-displacement relations termed 
Types A, B, C, D, and E in Ref. 20 are (in the present notation) given by:* 
1 ?Z1 (ç)	 2 
	
^*2	
+()2] 
	
I	 I	 I	 (B.5) 
Type A 
Type B
_ 	 L 
B.4 Finite-Element Properties 
The finite element property matrices of interest are (ml, {p}, (h), and 
{f} as given by Eqs. A.9a, A.9b, A.9c, and A.9d, respectively, and/or by 
Eqs. A.36a, A.38, A.39, and A.41, respectively. Note that each of these 
matrices is evaluated by vol	 or surface integrals over the original 
undeformed volume or surface. These evaluations are straightforward except 
for (p} and (h) given by Eqs. A.9b and A.9c, respectively, which involves 
the use of the second piola-Kirchhoff stress S -- however, in finite-
strain plasticity one works with the Kirchhoff stress t versus logarithmic 
strain E*. Thus, one can represent the mechanical stress-strain property 
data from uniaxia]. (direction TI or 2) static (superscript s") tensile 
and/or compression data in terms of I vs. C since this stress-strain 
information is essentially perfectly antisyimeetric with I monotonically 
increasing (decreasing) as E increases (decreases), where 
*Note that Eq. B.2 may be viewed as a modification of the Type E relation 
given in Eq. B.5.
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2:1. = o(i^ë)	 (B.6) 
E	 (a.7) 
and
	
= j .	 engineering stress of a uniaxial static test 
specimen; P is the applied load and A0 is the 
Pre-test cross-sectiorial area of the specimen 
=
	
 U	 the measured axial (fl-direction) relative 
elongation (also known as the engineering 
strain) of the uniazjal test specimen 
change in gage length 
original gage length 
= output which strain gages or extensometers 
can•provide 
Necking effects, if any, should be deleted from the data. Next, one makes 
a piecewise-linear fit of the T vs. £* data in terms of n + 1 segments 
defined by the coordinate (t)k
	 uk' k = 1,2,...,n; the coordinates of 
these segments are used in the mechanical sublayer material model to repre-
sent this behavior. According to the mechanical sublayer model, the material 
is envisioned, as consisting, at any point-in-the-material, of n equally-
strained sublayers of elastic, perfectly-plastic material with each sublayer 
having the same elastic modulus E but an appropriately different yield 
stress. For example, the static yield stress of the kth sublayer is 
given by (t) = E 
Hence, at any given state of strain C, the associated stress r is given by 
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=	 A	 (B.9)	 - -: 
where the weighting factor Ak for the kth mechanical sublayer may be readily 
confirmed to be:
E-E	 (B. 10) 
E 
where	 =	 for k - 1 
E fork - 2,3,...n	 (B.1l) 
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The mechan i cal sublayer model is very convenient to analyze problems with 
general loading paths - including loadin unloading, reloading, and cyclic 
•	 loading; also, it approximates the Bauschinger effect reasonably wet).. 
Further, strain-rate effects can be accommodated by treating the sublayer 
yield stress as being strain-rate dependent according to: 
= (t) [ I +  _D	 (B.12) 
where c k is the rate-dependent yield stress, D	 = rate-of-deformation 
axial component in a uniaxial test, and d and p are material constants which 
could be evaluated from experiments for each mechanical sublayer. Hence, 
the stress at any given condition of strain c and strain rate D may be 
written as
= 3 A (-rj	 (B.13) 
For a curved beam which experiences: (1) significant circumferential 
(n or 2 direction) strain and through-the-thickness (C or N3fl direction) 
342
strain but negligible lateral ( or a ln direction) strain and (2) non-
negligible stressesT only in the fl-direction, one may express the Stress 
rate (r2)k for the kth sublayer in terms of the circiferentjai component 
of the rate of deformation tensor by 
(tz) 
=. E ii 2	 2	 (B.14) A  
if D is entirely elastic (i.e., if D
	
(D)e) and hence [(T2 ) k J	 [(T)12 
However,	 - 
if	 ('r) 
>	
(-r) 
= (r)
	
(B. 15) 
and if	 ( ;),(r)4 =,	 (B.16) 
•	 Accordingly, the total stressT at a given deformation and rate of deforma- 
tion is given by
T 
=j A (T.	 (B.17) 
However, for the evaluation of the element property matrices fp} and (h], 
one needs to evaj.tate and- use
 the second Piola-Kirchhoff stress	 or S 
-j	 -3 and the associated Lagrangian or Green strain Y. or Y.. ..
	 Thus, one makes 
use of the following relations [54]: 
	
(1+ z	 (B. 18a) 
'1:: = S (,+	 ) ^ 2 S	 (B. 
2	 (, .	 )'Z)	 (B. 18c) 
2	 z 
= 5 
.	
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In the timewise step-by-step solution process and associated computer 
program, one has available y and y. Thus, since 
= 
A 
and	
()	
(B.19a) 
(:)A = (s:) (' ^	 (a.19b) LO 
it follows -that 
s:(I+zT:) = E [A* S;) 0 +Z1:)] 
=(i*z)E AR (S2) 
Hence,	 -. 
= 1 A, (s (3.20) Z) 
Next, one can rewrite Eq. B.14 in terms of second Piola-Kirchhoff stress 
and Lagrangian (Green) strain information from Eqs. B.lSb and B.18c to obtain 
for the kth sublayer:	 2 
or	
^ z + cs: : = E 
{E -2(i+z)(SJ	
- 
-
	 (1+2- 12)Z	 (B.21) 
One may integrate this differential expression by means-of the trapezoidal 
rule, for example from time instant i-1 to an incrementally close instant 
i to obtain:
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fl
AS { E-zS'{(,+21)_4j]	
' 
Where
(s 
I =(B.22b) 
s4-s;' (B. 22c) 
A V £.L 0 =	
- -o	 (B.22d) 
An illustration of - the method used for computing the circumferttial 
stress (St). S' at time t at any given circumferential station and any 
given depthwise Station in a curved-beam element follows; such infozmatjo 
is needed since the voluse integrals defining {p} and (h) are evaluated by Spanwi
se/depth,jse numerical integration (in particular, Gaussian quadra-
ture). Typically, one begins at the station in question by knowing the 
stress ($1) and the strain (y1) of the kth sublayer at time t. 
the strain increment L\ at that station from time t. 1
 to time t. To 
begin, one asses as a trial ( superscript T) that the trial stress at time 
t.: V may be evaluated by following an incrementally-elastic path: 
= s 1 1 z'fr:+z)	 }J A	 (B.23) 
A check is then performec' as follows to see what the correct value of 
must be:
4
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T. 
(1) If	 ^ S(I+2) 
-	 -	 (B.24) 
(2) If	 5,(i+zr)>
 
f-- \	 (3.25) I (i+zr) 
(3) If	 (,^zP) <-(i4)4 
/	 (B.26) 
-	 (i+z") 
This procedure is applied to all sublayers at the station in question. 
Hence, the stress S
	 S1 at time t is given by 
s= (s =E A 5' 
In the above process, strain-rate effects have been taken into account 
by using:
(	 =(	 [ I	 1__	 I I	 (B.28) 
where D is given by Eq. 8. 18c. Thus, 
v = ( S
	
+ Jd(i^z) /J	
(B.29) 
'Ot	 Qj
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